4.1.Wavelet shaping and inversion

This article is based on a chapter in the book “Basic Theory of Exploration Seismology” of Costain and Coruh.

The general terms "wavelet shaping" and "deconvolution" are associated with "inverse filtering" where the filter operator is designed to change the shape of the primary source wavelet. Usually, the objective is to shorten the dura​tion of the wavelet, which for the case of a wave guide can be accomplished by removing reverberations. Or maybe it is desired to change the shape of a recorded mixed-delay wavelet to one that is minimum-delay but of the same duration. Some form of wavelet shaping is one of the most common steps in seismic data processing. Predictive deconvolution is a form of wavelet shap​ing commonly used to remove reverberations "attached" to the primary source wavelet. Removal of the reverberations shortens the length of the wavelet.
All attempts to change the wavelet shape involve, conceptually at least, two distinct steps:
1. Convert the input to an impulse at t = 0,
2. Convolve the impulse with the desired output.
It is Step 1 above that requires a knowledge of the wavelet shape, because unless the delay properties (minimum, maximum, or mixed) of the wavelet are known, the inverse filter cannot be properly designed; i.e., it won't converge to zero as the filter length increases. The delay properties of the desired output are not important and so Step 2 above is always just a simple convolution. Of course, the wavelet shape is, in general, not known. It is instructive, however, to shape wavelets and deconvolve under the assumption that the shape is known, in which case filter design is referred to as a "deterministic" process. If the wavelet shape is not known then it can be estimated from the seismic trace itself, and filter design becomes a "statistical" process dependent upon the assumed statistical properties of the sequence of reflection coefficients. Predictive deconvolution is a deterministic process when applied to a known wavelet, but a statistical one when applied to a seismic trace.
In practice, the design of an inverse filter is not separated into two steps; however, doing so in a conceptual sense focuses on the conditions required for proper convergence of the inverse filter operator. The conditions, simply stated and elaborated upon below, are:
• If the input is minimum-delay, inverse filter coefficients are required only for times t > 0.
• If the input is maximum-delay, inverse filter coefficients are required only for times t < 0.
• If the input is mixed-delay, inverse filter coefficients are required for times negative, zero, and positive.
The above conditions on filter coefficients can be accommodated within the framework of three general subdivisions:
1. Inverse filters of infinite (or at least relatively long) length and input (a wavelet) of finite (relatively short) length. A seismic source wavelet, by definition, eventually decays to zero. That is, the numerical values of the coefficients that define the wavelet eventually become so small in value that for all practical purposes the wavelet becomes one of finite length. So must the filter, of course, but theoretically it would be of infinite length, so the longer the filter the better the approximation to the desired output. Examples include

(a) Wavelet shaping of minimum- and maximum-delay 2-point wavelets using Fourier transforms.
(b) Wavelet shaping of minimum- and maximum-delay 2-point wavelets using z-transforms.
(c) General wavelet shaping, including predictive deconvolution
(d) Inverse filtering of a seismic trace using z-transforms.
2. Inverse filters of finite length and input of infinite length
(a) Water-layer "Backus" and other wave guides. Removal of reverbera​tions.
3. Inverse filters of finite length and input of finite length (the least-squares filters). The above two classes in practice revert to this class because of the practical requirement of implementing convolution on a computer. Examples include
(a) General wavelet shaping
(b) Predictive deconvolution
We will examine the properties of various kinds of filter-input combinations and see that a few simple conceptual ideas can provide simplification and under​standing. In particular, the well-known "binomial expansion" is the keystone that leads to a better understanding of filter "stability".
Suppose we wish to design an inverse digital filter that, after convolution with any arbitrary input, will convert the input to a unit impulse at t = 0. The input that we are commonly concerned with is the seismic source wavelet. If the time-duration of the seismic source wavelet can be decreased, then increased resolution in the recorded seismic trace will result. For perfectly noise-free data with the wavelet shaped to a unit impulse, the result of inverse filtering (or "deconvolution") will be the reflectivity function itself.

The seismic trace s(t) in its simplest form is the convolution of the reflectivity function r(t) and the wavelet w(t):
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This is commonly referred to as the "convolutional model". In the frequency domain, this is expressed as
S(w) = R(w)W(w)
Ideally we wish to recover R(w). If w(t) is time-invariant and if we know what it looks like, and if s(t) is noise-free, then r(t) is easily obtained from
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The function r(t) is about as close as possible to the "geology" because it con​tains information about changes in the acoustic impedance of the subsurface as a function of reflection traveltime. If the density ρ(z) is related to the veloc​ity v(z) by
ρ(z) = kv(z)m

(4.1)

where z is depth, and k and m are constants, then r(t) depends only on changes in rock velocity instead of acoustic impedance. Equa​tion (4.1) holds very well with k = 0.23 and m = 0.25 for the sediments of the Gulf Coast.
The concept of the "z-transform" was introduced on page earlier for a time se​ries. Continuous-time functions are commonly described by Fourier and Laplace transforms. Discrete-time functions are described by z-transforms (pioneered by Zadeh Lofti). The introduction of the z-transform to design digital filters carries' with it the terminology of "stability" and "instability" of the digital filter time series, concepts that we have not confronted when dealing with Fourier theory. One might with good reason ask why filter design could not be carried out using Fourier theory (using a subroutine like FT, for example) instead of z-transform theory. We will attempt to clarify why some methods are easier to use than others, and with fewer pitfalls.
Many if not all of the methods of "inverse filtering" used to change the shape of the wavelet are necessarily related because they are just approximations to exact filters. For example, the numerical values of the coefficients of an approximate least-squares filter of finite length must approach the numerical values of the coefficients of an exact filter of infinite length as the length of the filter is allowed to increase. A filter of infinite length is neither practical nor necessary but a discussion of a filter of infinite length does provide insight into filter design. We therefore begin with a discussion of exact inverse filters of infinite length that operate on input (the source wavelet, say) of finite length.
8.1    Inverse infinite filters, finite input
This is the first subdivision of deconvolution filters listed above  and in​cludes those inverse filters of infinite length and input of finite length. As we turn from the Fourier transform to the z-transform, it is instructive to recall comparisons between the two approaches. The relevant equations are
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(4.6)

where in general f(t) and F(w) are complex.   Expanding Equation (4.5) and separating into real and imaginary parts:
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(4.7)
which, for a pure real time function, becomes

[image: image9.wmf]ò

ò

-

=

mx

mx

f

f

df

ft

f

F

df

ft

f

F

t

f

0

0

)

2

sin(

)]

(

Im[

)

2

cos(

)]

(

Re[

)

(

p

p




(4.8)
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(4.10)
The function f(t) in Equation (4.5) can be either real or complex. Fortran Subroutine FT below from is taken from Robinson [148] and can handle either case with equal ease:
 SUBROUTINE FT(NX,X,W,C,S) 

 DIMENSION X(NX) 

 COSNW-1.0 

 SINNW=0.0 

 SINW=SIN(W) 

 COSW=COS(W) 

 S=0.0 

 C=0.0
 DO 30 1=1,NX 

 C=C+COSNW*X(I) S=S+SINNW*X(I) 

 T=COSW*COSNW-SINW*SINNW 

 SINNW=COSW*SINNW+SINW*COSNW 

30 
 COSNW=T 

 RETURN 

 END

If we introduce complex notation into the subroutine, we can have more useful code and (4.5) is calculated as in code below:

 SUBROUTINE FTC(NX,X,W,C,S) 
 DIMENSION X(NX) 

 DO 74 N=1,NX
       T=(N-1)*DELT

 S=0.0 

 C=0.0
       GA=0.

       M1=NAX-1

       DO 64 M=1,M1

       AR1=(M-1)*DELO*T

       AR2=M*DELO*T

       RK=REAL(X(M))

       AK=AIMAG(X(M))

       S=RK*COS(AR1)-AK*SIN(AR1)

       MM=M+1

       RK=REAL(X(MM))

       AK=AIMAG(X(MM))

       C=RK*COS(AR2)-AK*SIN(AR2)

       GA=GA+.5*(S+C)*DELO

 64    CONTINUE

 G(N)=GA/PI

 74    CONTINUE

 RETURN


 END

In the code above F(f) from (4.5) is represented with X and f(t) is represented with G(N). To represent (1.12) with a FORTRAN-routine we will success with more introduction of complex theory.   FTDIR is a subroutine for direct Fourier transform of an input sequence G to also handle the inclusion of iterations in the Riccati-equation. 
       SUBROUTINE FTDIR(OM,DELT,NAX,G,AKD,A,B)

       DIMENSION G(NAX),AKD(NAX)

       COMPLEX AKD,AK,AKS,I,CEXP,CSQRT,ARG,S1,S2,SA

       I=-1

       I=CSQRT(I)

       SA=0.

       AKD(NAX)=SA

       ARG=SQRT(1/A)*(-I*OM-.5*OM*(B/A))*DELT*NAX

       S1=G(NAX)*CEXP(ARG)

       NA=NAX-1

       DO 10 JJ=1,NA

       J=NAX-JJ

       AKS=AKD(J)*AKD(J)

       ARG=SQRT(1/A)*(-I*OM-.5*OM*(B/A))*DELT*J

       S2=G(J)*CEXP(ARG)*(1-AKS)

       SA=.5*(S1+S2)*DELT+SA

       AKD(J)=CEXP(-ARG)*SA

       S1=S2

 10    CONTINUE

       RETURN

 END
This last subroutine will take a given sequence G and transform it into the frequency domain with the function AKD. This can be regarded as our complex reflection coefficient (1.12). Soubroutine FTC will then invert AKD back to G. It is instructive to understand how to use these subroutine, or at least some code that is equally transparent, because if we do we will be able to pre​dict how other, less open, computer programs should perform. Although the code in FT and FTC isn't as fast as an elegant "fast Fourier transform" (FFT) program, it is good enough with todays’ fast computers. 
The FTDIR is, of course, not possible to replace with an FFT because we have the possibility to include iterations. The iterations will have effect if we call FTDIR more than one time. And another   important aspect with FTDIR is that we also can include the phase function (1.11) and in a broader way with equation (1.15). In the subroutine we have included A and B as constants in the most simple way as possible, and it is possible to make more complicated applications. In our case B gives the damping in a straightforward way and A gives the dispersion. If we call FTDIR only once and have A=1 and B=0, the subroutine is simply a fouriertransform of an input sequence G.
To review briefly, if f(t) is real then Equation (4.5) reduces to (4.8). The function f(t) is commonly the seismic trace. The coefficients an and bn in (4.3) and (4.4) are real in this case, and they possess an important symmetry in the frequency domain:
An(-f) = an (f)


 



(4.11)
 and
bn(-f) = bn (f) 






(4.12)

where            f=n/T
The same symmetry, under the same assumptions, applies to z-transforms. Re​call that if the symmetry defined by Equations (4.11) and (4.12)is present in the frequency domain before returning to the time domain, then f(t) will be complex, not real.
In SUBROUTINE FT, we would require one call to transform from the time domain to the frequency domain, and two calls to transform from the frequency domain to the time domain. Each call returns two integrations (one to the argument C and one to the argument S). For a forward transform of a pure real time function, we call C the "cosine transform" and S the "sine transform" . Thus, for a pure real function f(t) the forward transform (one call) returns (after multiplication by appropriate constants outside of the subroutine)
C    =  
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The negative sign for S can be added outside of the subroutine.   The inverse transform (two calls) returns, for the first call,
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And for the second call
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And from equation (4.5)
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(4.13)
for a real-time function, and so, for the inverse transform, we ignore S from the first call and C returned from the second call because, from Equation (4.9), they must sum to zero for a pure real time function.
As we use z-transforms, we should continue to recall and compare their properties with Fourier transforms. We are still simply transforming from a (possibly) complex plane (time) to a (possibly) complex plane (frequency).
Having a subroutine for the equation (1.12) we proceed to a subroutine for equation (1.13). This is a more complicated task, and involves a far more broader type of inversion than FT or FTC. In fact (1.13) covers all the problems we can encounter in a seismic inversion theory.  As we did in applying  FTC  we will use the data that is calculated with FTDIR, and we also take into account the data, G, from FTC. Following code is useful for this. We have used G as the single input. The complex reflectioncoefficient, AKD is simply developed in the subroutine reflex itself by an inverse fourier transform of G and not imported into it. The constant NINT gives the number og iterations in the inversion.B is a constant for damping and A for dispersion. GG is the input sequence G inverted as represented in equation (1.13).
A very important part in the inversion is to remove attenuation in a correct way and this is done with deconvolution of GG for every iteration. Then we need more insight into the deconvolution process paving way for a very simple test-model in deconvolution, the two-term wavelet example, and this will be done further down.
To repeat, all attempts to change wavelet shape involve, conceptually at least, two distinct steps: (1) Convert the input to an impulse at t = 0, and (2) Con​volve the impulse with the desired output. In order to "spike out" a wavelet we need to examine the convergence properties of the inverse filters that can be designed. For a simple deconvolution, we want to design a filter such that the time-domain 2-term wavelet (-z1,1)

(where the value of –z1 occurs at t = 0) is deconvolved to
1,0,0,0,0,...
where the "1" occurs at t = 0.
The requirements for the design of filter coefficients required to convert a 2-term wavelet) to a unit impulse at t = 0 can be simply stated:
• The inverse filter required to spike out a minimum-delay wavelet converges only for zero and positive time; i.e., it must have filter coefficients defined only for zero and positive time. This is stated without proof here, but is later shown to be the case by examination later. Filter coefficients for negative values of time must be zero. Such a filter is said to have only a memory component.
• The inverse filter required to spike out a maximum-delay wavelet is de​fined (converges) only for negative time (not zero). Such a filter is said to contain only an anticipation component (Robinson and Treitel [153, page 105]).
• The inverse filter required to spike out a mixed-delay wavelet has filter coefficients defined for negative, zero, and positive times. Such a filter has both a memory component and an anticipation component.
From a Fourier transform point of view, .D(w), the transform of a two-term wavelet (a "couplet") d(t) is
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Where
d(t)<=>D(f)
We wish to design a filter f(t) such that
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This is the simplest possible case—to convert two points in the time domain into the number "1" occuring at t = 0.
Convolution in the time domain is equivalent to multiplication in the fre​quency domain. Therefore,
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Thus, the Fourier transform of the desired inverse filter f(t) is 
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(4.15)
It would be a simple matter to design a filter using, for example, SUBROUTINE FT to determine f(t) from Equation (4.15); however, in (4.15) or (4.5) the value of "t" can, in general, be negative, zero, or positive. According to our three guidelines (undeveloped at this point), however, we are restricted in the time domain by the delay properties of the wavelet whose inverse we desire. Thus, to spike out a minimum-delay couplet by convolution with an inverse filter, we evaluate the filter coefficients only at zero and positive time. To spike out a maximum-delay wavelet evaluate the coefficients only for values of t < 0. To spike out a mixed-delay wavelet evaluate the filter coefficients fi  for negative, zero, and positive values of time. If these rules are followed, the resulting convolution will always result in a spike at t = 0. Instability problems will never arise; the resulting inverse filter will not "blow up" and become infinitely large. The convolution will be stable and predictable.
Although Fourier theory (and SUBROUTINE FT) can be successfully used to spike out a wavelet of any arbitrary delay characteristics, it gives us no insight into what guidelines must be followed in order to obtain convergence; i.e., at what times do we evaluate the inverse filter f(t) in order that the filter will not become unstable. To determine the convergence of a series of filter coefficients, we must take into account the delay properties of maximum- and minimum-delay wavelets and their inverses.
In z-transform notation and given the complex 2-term wavelet f(t)

f(t) = (-z1,1) ( -z1   +z 

we wish to design an inverse filter g(t). That is,
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(4.16)

If (-z1 , 1) is minimum delay, then Equation (4.16) is evaluated only for times t ≥ 0. If ( z1,l) is maximum delay, then Equation (4.16) is evaluated only for times, t < 0. If f(t) is mixed delay, then Equation (4.16) is evaluated for times -∞ < t < ∞.
Each of the inverse filters will be of infinite length, and each will spike out the complex time-domain couplet at t = 0. Of course, Equation (4.16) holds whether the time-domain couplet is complex, real, or imaginary. The (complex) inverse filter f(t) will be stable, and, when convolved with the couplet, will reshape it to "1" (real) at t = 0.
1.2 Inverse filtering of a 2-term wavelet using z-transform

In this case we have the two term wavelet (-z1,1) and the inverse filter that will convert the wavelet to the number “1” can be evaluated by the following: (The full outline is in Costain and Coruch.)
The z-transform P(z) of the wavelet is

P(z)= - z1 + z

The inverse will be the inverse z-transform of 1/(- z1 + z)

And this is expression can be a Taylor series about the origin. This will be defined only for t≥0 and will be of the form:

-z1-1, -z2-2  , -z3-3, -z4-4,+……
Which is a convergent series because -1/ z1n goes to zero as n increases and because z1 is a root outside of the unit circle by definition. As the root is moved further away form the unit circle one would expect faster convergence. We will do some calculations in the following:
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1.3     General shaping and least-squares method
The name least-squares comes from the design of a filter that will minimize the difference (error) between an input signal and some desired output signal. For example, we might want to
• Shape a seismic wavelet (the input) to an impulse (the desired output),
• Remove reverberations from a seismic trace,
where the desired output is, for these examples, an impulse or a sequence of reflection coefficients (the geology), respectively.
The concepts underlying the method of least squares can be illustrated by fitting a set of n points to a straight line. The equation of a straight line is
y = mx + b 






(4.17)
where m and 6 are constants. Only two points such as (x1,y1) and (x2, y2) however, are required to define a straight line. So given the n points
(x1,y1) (x2, y2)….., (xn,yn)
 it will in general not be possible for the straight line to pass through all of the points (it probably will not pass through any). That is, the general point (xi,yi )  will not fall on the straight line defined by Equation (4.17). There will be a difference δi  ,which is
δi = yi  - (mxi  + b) ≠ 0

If the difference δi is determined for each point of the set 
(x1,y1) (x2, y2)….., (xn,yn)
then these differences can be squared so that large positive values of δi will not cancel with large negative values of δi , for unless the differences are squared then an unjustified impression of accuracy would result. So the total error E2 becomes
E2 = δi2 = (y1 -b- mx1)2 + (y2 - b - mx2)2 + ...+ (yn-b- mxn)2 
where E2 is some measure of how well the straight line, which is defined by the constants m and b, fits the set of points. If E2 = 0 then all the points lie on the straight line. The larger the value of E2 the farther the points lie from the straight line. The least-squares criterion is simply that the constants m and 6 be chosen such that E2 is as small as possible, i.e., a minimum. This is accom​plished in the usual way by requiring that
dE2 /dm = dE /db
Thus,
dE2/db =2 (y1 -b- mx1)(-1) +2 (y2 - b - mx2)(-1) + ...+2 (yn-b- mxn)(-1) = 0
and 
dE2/dm =2 (y1 -b- mx1)(-1) +2 (y2 - b - mx2)(-1) + ...+2 (yn-b- mxn)(-1) = 0
which reduces to
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(4.18)

and
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(4.19)

Equations (4.17) and (4.18) constitute a set of linear equations that can be solved for the constants m and b.
The same conceptual approach can be used to design a filter that will convert -in an optimal least-squares sense -an input to a desired output. The filter coefficients,  fi are determined such that the difference squared between the actual output yi, and the desired output, xi, is a minimum. That is,
J = E (di-yi)2
is a minimum. The notation E denotes the average value of whatever quantity is in the braces.
The requirements for convergence of filtered output using a non-least-squares filter are:
• Changing the shape of a minimum-delay wavelet requires a filter of infinite length. The filter coefficients are defined only for zero and positive time.
• Changing the shape of a maximum-delay wavelet requires a filter of infinite length. The filter coefficients are defined only for negative time.
• Changing the shape of a mixed-delay wavelet requires a filter of infinite length. The filter coefficients are defined for negative, zero, and positive time.

Exactly the same conditions for convergence of filtered output are required for a least-squares filter, fi of finite length. That is,
• Changing the shape of a minimum-delay wavelet requires a filter whose coefficients are defined only for zero and positive time.
• Changing the shape of a maximum-delay wavelet requires a filter whose coefficients are defined only for negative time.
• Changing the shape of a mixed-delay wavelet requires a filter whose coef​ficients are defined for negative, zero, and positive time.
The length of the least-squares filter is now the additional parameter that must be considered. A common rule of thumb for many applications is that the filter length (the time duration of the filter) should be about the same length as the input wavelet on which the filter operates. A seismic trace is the convolution of a wavelet with a sequence of reflection coefficients; therefore, to reshape the seismic wavelet the length of the filter should be about the same length as the duration of the wavelet. Because the autocorrelation of a wavelet can only be as long as the wavelet, the filter of finite length can be taken to be about the same as the duration of the autocorrelation function. It should be remembered, however, that theoretically there can be only one correct filter, the one that is of infinite length; therefore, the filter of finite length is only "best" in a "least-squares" sense.-
Let the filter, ft, be defined by m + 1 equally-spaced coefficients. Then the actual output, ct, is the convolution of the input, bt with the filter:
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The difference between the desired output, dt, and the actual output, ct, is dt — ct .The error squared is
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(4.20)
The quantity, J, is minimized by taking the partial derivative of J with respect to each of the filter coefficients, fi.
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(4.21)

Note that  0 ≤ E ≤1

and is called the normalized mean square error.
In practice, all filters are of finite length. We know from earlier discussions that any wavelet, regardless of its shape, requires an inverse filter of infinite length to convert it to an impulse δ(t) at t = 0. This is not practical (or necessary), so we design filters that are finite and do the best we can in a least-squares sense. We also know that a reverberating wave train associated with a wave guide is of infinite time duration, but that the inverse filter is a simple one of finite length (the Backus 3-point filter, for example). It is not practical (or necessary) to record an infinitely long reverberating trace to design an exact inverse filter, so we record a seismogram of finite extent and design filters that are finite and do the best we can, in a least-squares sense. In between these extremes of filters of infinite length and data of infinite duration are the real-world filters and data of finite length. To remove reverberations from a seismic trace we should expect to be able to design a more perfect (finite) inverse filter the longer the recorded trace we have to work with. To convert any wavelet to an impulse at t = 0 we should expect to design a more perfect inverse filter the longer we allow it to become. The basic goal in the design of finite least-squares filters is to minimize the difference between the actual filter output yt and the desired filter output dt . Mathematically this can be stated as
J = E (dt – yt ) 2   = a minimum






(4.22)
Where
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The quantity J is often referred to as a quantity proportional to the error energy or power of the wavelet or trace of length n. We want some filter ft of length m + 1 that when convolved with the input xt, will give the output yt, which will be as close as possible in a least-squares sense to the desired output dt. Convolution of the filter with the input data sequence xt gives
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(4.23)
Substituting (4.23) into Equation (4.22) we get
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(4.24)

The quantity J is minimized by taking the partial derivative of J with respect to each of the filter coefficients ft equal to zero. That is, for fi, for example,
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(4.25)

where gT denotes the crosscorrelation of the input with the desired output and rr is the autocorrelation of the input. Reference to Figure 3.1 recalls the directions of relative shift between the input and desired output to obtain positive and negative lags. For positive lags, shift the input toward positive time with respect to the desired output. Setting (4.25) equal to zero gives
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Do this for every filter coefficient ft  That is,
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(4.26)
and the result is a system of equations called the normal equations whose solu​tion yields the filter coefficients ft.
As an example of the matrix form of (4.26), we assume a filter of length m—1 whose coefficients are defined only for t > 0. Expanding (4.26) for m = 6 and for zero and positive values of t we get the simultaneous linear equations
r0f0  + r1f1 + r2f2  + r3f3+ r4f4 = g0
r-1f0  + r0f1 + r1f2  + r2f3+ r3f4 = g1
r-2f0  + r-1f1 + r0f2  + r1f3+ r2f4 = g2
r-3f0  + r-2f1 + r-1f2  + r0f3+ r1f4 = g3
r-4f0  + r-3f1 + r-2f2  + r-1f3+ r0f4 = g4
which can be written in matrix form as
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And because  r(-τ) = r(τ) the above matrix equations becomes
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Wavelet shaping
In general, however, filter coefficients will need to be defined for both positive and negative time because of the requirements discussed earlier in this chapter for the convergence of the filter coefficients. These requirements do not change simply because we are designing least-squares filters. Deconvolution (inverse) fil​ters for a minimum-delay input will require coefficients defined only for zero and  positive time. Filters operating on a maximum-delay input require coefficients defined only for negative time. Filters applied to a mixed-delay input require coefficients defined for both negative and positive time. These requirements hold no matter what the delay properties of the desired output; they are independent of the desired output. This can be understood by realizing that shaping a general input to any desired output is, conceptually at least, a 2-step process: 1) convert the input to an impulse at t = 0 this is where the decision about negative and/or positive filter coefficients must be made—and 2) convolution of the impulse with the desired output, which clearly does not involve any consideration of convergence, no matter what the delay properties of the desired output. Thus, assuming that both the filter and the input are defined for both positive and negative time, Equation (4.26) becomes
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(4.27)
f-1 r0f0  + r1f1 + r2f2  + r3f3+    r4f4 = g0
     r-1f0  + r0f1 + r1f2  + r2f3+   r3f4 = g1
     r-2f0  + r-1f1 + r0f2  + r1f3+  r2f4 = g2
     r-3f0  + r-2f1 + r-1f2  + r0f3+  r1f4 = g3
     r-4f0  + r-3f1 + r-2f2  + r-1f3+ r0f4 = g4
Examples – Robinson and Treitel
We give an easy example below that is taken from the famous works of Robinson and Treitel. Input is a two point pulse. We want a unit pulse for t=1. Then we get the crosscorrelation between input and desired output (unit pulse). And the autocorrelation of input.
We start with these values:

Input = {2,1}  Desired output{1,0}

Will give the  output:

[image: image55.emf]
Fig.4.2.a 
We had a correlation matrix:
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In our next example we have the values:
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That gave an output for autocorrelation matrix:
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And the output:

[image: image59.emf]
Fig.4.2.b 
We see that when desired output is zeropadded we got a better output. The filters are respectively as on fig.4.2.c.
[image: image60.emf]
[image: image61.emf]

Fig.4.2.d shows the filtercoefficients from the second filter, and the output is far better with this filter. The reason is that this filter is longer than the first, and that is because the input is zeropadded.
Time-variant model
Robinson and Treitel worked with model where the correlation functions were time-invarant.The Wiener filter theory for inputs with time-invariant correlation functions has been general​ized for nonstationary inputs by Booton (1952) and others. The derivation parallels Wiener's (1949) development exactly with only one differ​ence—the optimum filter is time-varying and is obtained by solving a more complicated form of the Wiener-Hopf integral equation. There is an added problem in finding the correlation functions involved. Only the derivation for the single-channel case is included here although the gen​eralization to the multichannel case is trivial.
Suppose the input i(t) to a time-varying linear system consists of signal s(t) and additive noise n(t), i.e., i(t) =s(t)+n(t). If the impulse response of the system is h(t—τ,t), the system output is obtained by the convolution
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  (A-l)
where the integration limits have been defined so as to permit acausal filters. If the desired filter output is d(t), the error signal is
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 (A-2)

and the expected error power (mean-squared error) is
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(A-3)
By assuming interchangeability of integration and averaging, and defining
Φdi(t,t-τ) = E[d(t)i(t-τ)]

Φdd(t,t-τ) = E[d(t)i(t-τ)]

and
Φii(t,t-τ) = E[i(t)i(t-τ)]

we note that expression (A-3) becomes
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 (A-4)
The optimum filter h(r, t) will minimize E[e2(t)] in (A-4).

If h(τ,t) is the response function for the opti​mum filter, the mean-square error will increase for any perturbation δh(τ, t) from the optimum. For the perturbed system
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 (A-5)

When E[e2(t)] is a minimum, the difference ∆ ia mean-square error for equations (A-4) and (A-5) is always positive, being equal to
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  (A-6)
Since the last term in equation (A-6) can be written as a perfect square, it is always positive. Thus ∆ will be positive if
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 (A-7)
that is, if the optimum filter response satisfies the integral equation
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 (A-8)
Equation (A-8) is the nonstationary form of the Wiener-Hopf equation and involves time-depen​dent correlation functions and a time-varying linear filter. An equivalent matrix derivation of optimum time-variable filters for a more general class of inputs containing deterministic as well as random components has been published by Simpson et al, (1963)
Example with time-variance
As in the stationary case, one supposes that some input process i(t) is passed through a linear filter to form an output y(t). The optimum filter is chosen so that its actual output y(t) approximates some desired output d(t) in a manner which minimizes the mean-square error between d(t) and y(t). We write this as the expected or average value of the squared error E{ [d(t) —y(t)]2}. Because the input, output, and desired output processes can be nonstationary, this average is an ensemble aver​age rather than a time average. The optimum linear filter satisfies the integral equation
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 (7)
where Φdi(t,t-τ)= E[d(t)i(t—τ)] is the crosscorrelation function between the desired filter output and the filter input, and Φii(t,t-τ)= E[i(t)i(t—τ)] is the autocorrelation function of the filter input. Because i(t) and d(t) are nonstationary, the auto-and crosscorrelation functions depend on the ob​servation time t as well as the lag τ. The deriva​tion of equation (7) is presented in the Appendix. When the form of h(r, t) is restricted to that of a time-variable delay line (Cruz, 1959) the filter response may be written as
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 (8)
and if t takes only discrete values k= 1, 2, 3, . . . the integral equation (7) becomes the set of linear equations
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 (9)
The coefficients an(k) of the filter are found by solving the set of equations for each value of k. When the correlation functions do not depend on k, the matrix Φii(k — m, k—n) becomes equidiagonal and the familiar equations for the stationary case result. If Φii (k—m, k—n) and Φdi (k—m, k—n) do not change rapidly with k, the equations need
not be solved for every value of k. As nonstationarity becomes less pronounced, the times between optimizations can be increased, and the input can be regarded as stationary over long intervals. In effect, the input is divided into stationary seg​ments and a time-invariant filter is applied to each segment.

In the waveshaping approach to deconvolution, the filter input is imagined to consist of a signal process formed by convolving the input signal waveform with the ground response function (with or without attenuation) and some additive noise process. A filter is sought which will change the shape of the signal waveform s(f) in the pres​ence of noise into some desired spike-like output waveform d(t). Here the desired output function does not change with time, but in the general waveshaping case both the input and desired-output waveshapes are time dependent. Before turning to the particular case of deconvolution, or spiking filters, we will consider the general case. Our aim is to design a filter h(r, t) which will change the input waveshape s(t, t') in the presence of noise n(f) into some desired output waveshape d(t, t'). The optimum filter satisfies equation (7), so the only difficulty is to determine the functions Φii (k—m, k—n) and Φdi (k—m, k—n). For additive signal and noise, i(t)=s(t)+n(t) and
 If Φii (t,τ-t)= Φss (t,τ-t)+ Φsn (t,τ-t)+ Φns (t,τ-t)+ Φnn (t,τ-t) 
 (10)
If the signal is uncorrelated with the noise, the crosscorrelations vanish; and if we assume white noise, the functions become
If Φii (t,τ-t)= Φss (t,τ-t)+ N δ(τ)

And

If Φdi (t,τ-t)= Φds (t,τ-t)

If s(t,l') and d(t, t') are known, Φss (t,τ-t) and Φds (t,τ-t) can be found without difficulty. The autocorrelation Φss (t,τ-t) is simply the average of the possible values of the product s(t, t') s(t—t, t'—τ) that can be observed at time t. To clarify this point, consider a discrete case for which the signal waveform has a duration of only two sample units (Figure 1). At time t=k the only possible contributions are from s(k, k—1) the wavelet of age k—1 observed at time k, and from s(k, k) the wavelet of age k observed at time k, so that 

Φss(k,k)= s(k, k -1)s(k, k - 1) + s(k,k)s(k,k)

similarly,
Φss(k,k-1)= s(k, k)s(k, k - 1) + s(k-1,k-2)s(k-1,k-1)

and Φss(k-2,k)=0. The crosscorrelation Φdi (k-m,k) can be determined in the same way. The desired output for a deconvolution filter is a spike-like function. We shall consider discrete functions of time and take a unit spike as the desired filter output. An ideal filter which spikes after a p-unit time delay for a signal of age k' would have

d(k,k') = 1       k = k' + p 

d(k, k') = 0       k≠ k' + p
as its output. The crosscorrelation between de​sired output and the input signal is then
Φds(k,k-m) = E[d(k,k')s(k-m,k'-m)]=s(k—m, k—p) 

The input signal waveform is assumed to be causal so that a signal of age k — p cannot be observed before the time k— p. Therefore s(k — m, k — p)=0 for m>p and the crosscorrelation will vanish for values of lag m exceeding p. The case of a zero-delay spiking filter is of special interest when the input signal waveform is minimum-phase, since it is then the optimum location for the output spike, and there is only one nonvanishing term of the crosscorrelation function for positive values of m. Thus

Φds(k, k — m) 
= s(k, k)        m = 0 

= 0 m > 0
For nonminimum-phase signals a delay in the output spike is necessary for satisfactory filter performance. Treitel and Robinson (1966) have considered the question of optimizing the filter delay as well as the filter coefficients for the time-invariant case. For a time-dependent signal wave​shape this would require continual optimizations of the filter lag. We shall therefore assume that the signal waveform is minimum phase at all times. For this to be true, the input signal wave​form and the law governing its change of shape must be minimum phase.
More complicated models
We can very fast proceed to more complex calculations and use the same idea. On fig.4.6 we introduce a digitized version of the mixed-phase pulse Robinson  and Treitel introduced in their famous paper.
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Fig.4.3

If we use our theory and tries to get a good deconvolution, we simply has to define our input with 59 points (number of sampling points on fig.4.6). We introduce a desired output pulse, that will be as close to a spike as we wish. Then we do auto and crosscorrelation and calculate the inverse filter in exactly the same way as with our example with a two-pulse input. Then we assume that both input and the desired output starts at time t=0.
However Robinson and Teritel wrote that we will not get an immediate good result as for the two-pulse input.

We will get a much better result if we introduce a delay into the desired output. Then a better match is obtained because an introduction of a delay here is equivalent to the introduction of filter coefficients that are now defined for negative lags of the crosscorrelation coefficient function as well as for positive lags.

Of cours, we could have approached the problem from another angle. If the inverse filter has been designed by using  crosscorrelation coefficients corresponding to both  negative, zero, and positive lags then he same result is obtained without the arbitrary delay.

The best way to visualize this delay is to plot the crosscorrelation  function obtained when the desired output is timedelayed.
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Fig.4.4
On top from left we have a mixed-delay wavelet. Then we have a desired output that is delayed. Second row on left shows autocorrelation of input, and to the right crosscorrelation of input and desired output. We have delayed the output so as to get no  autocorrelation values for negative times.

Row three gives us  inverse filter for 59 points and on right we have actual output from this filter. We got a much better result when we padded input wavelet with 1000 zeroes giving a filer length 1059.
5.2.Basic of inverse Q-filtering with Fourier theory

Now we have developed a least square (Wiener filter) for a stationary and a time variant model. Inverse Q-filtering will be an attempt to do the same in the frequency domain that least square filters do in the time-domain. Therefore we could use both methods and compare the results. Before we do that we need a better understanding of inverse Q-filering. Then we start with (4,15) and developes an inverse filter consistent wit that formula.

With general Fourier theory we can develop a stabilized inverse Q filtering algorithm. This algorithm is taken from the book “Seismic inverse Q-filtering” by Yanghua Wang (2008) and the outline is as follows:

An inverse Q filter consists of two components, for amplitude compensation and phase correction. Whereas the phase component is unconditionally stable, the amplitude compensation operator is an exponential function of the frequency and traveltime, and including it in inverse Q filtering may cause instability and generate undesirable artefacts in seismic data.We will come back to that later.
First we will discuss inverse Q filtering from the point of  Fourier transform. Inverse Q-filtering is a seismic data-processing technique for enhancing the image resolution. When a seismic wave propagates through the earth media, because of the anelastic property of the subsurface material, the wave energy 18 partially absorbed and the wavelet is distorted. As a consequence, it is generally observed in a seismic profile that the amplitude of the wavelet decreases and the width of the wavelet gradually lengthens along a path of mcreasing traveltime. An inverse Q filter attempts to compensate for the energy loss, correct the wavelet distortion in terms of the shape and timing, and produce a seismic image with high resolution.
An inverse Q filter includes two components, for amplitude compensation and phase correction. If an inverse Q filter considers phase correction only, it is unconditionally stable. When Q is constant in the medium, phase-only inverse Q filtering can be implemented efficiently as Stolt's (1978) wavenumber-frequency domain migration (Hargreaves and Calvert, 1991; Bano, 1996). This algorithm corrects the phase distortion from dispersion but neglects the amplitude effect. The amplitude-compensation operator is an exponential function of the frequency and traveltime, and including it in the inverse Q filter may cause instability and generate undesirable artefacts in the solution. Therefore, stability is the major concern in any scheme for inverse Q filtering.

It is desirable to have a stable algorithm for inverse Q filtering which can compensate for the amplitude effect and correct for the phase effect simultaneously, and does not boost the ambient noise. This chapter develops such a stable algorithm for inverse Q filtering. The implementation procedure is based on the theory of wavefield downward continuation (Claerbout, 1976). Within each step of downward continuation, the extrapolated wavefield, which is inverse Q filtered, is estimated by solving an inverse problem, and the solution is stabilized by incorporating a stabilization factor. In the implementation, the earth Q model is assumed to be a one-dimensional (1-D) function varying with depth or two-way traveltime.
4.1   Basics of inverse Q filtering
This section summarizes the basics of inverse Q filtering, to explain the new development in the following sections.
Inverse  Q filtering  can be  introduced based  on the   1-D  one-way propagation wave equation
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(4.1)
where U(r,w) is the plane wave of radial frequency w at travel distance r, k(w) is the wavenumber and i is the imaginary unit. Reflection seismograms record the reflection wave along the propagation path r from the source to reflector and back to the surface. Thus, in the following derivation we assume that the plane wave U(r,w) has already been attenuated by a Q filter through travel distance r.

Equation (4.1) has an analytical solution given by
U(r+∆r,w) = U(r,w) exp[ik(w)∆r]  

 (4.2)
Considering only the positive frequencies, the complex wavenumber k defined by equation (3.27) becomes
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   (4.3)
where γ=(πQr)-1 , and cr and Qr are the phase velocity c(w) and the Q(w) value, respectively, at an arbitrary reference frequency. The tuning parameter wh is related to the highest possible frequency of the seismic band. Substituting this complex-valued wavenumber k(w) into solution (4.2) produces the following expression:
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 (4.4)
Replacing the distance increment ∆r by traveltime increment ∆τ = ∆r/cr, equation (4.4) is expressed as
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 (4.5)

This is a basic inverse Q filter, in which the two exponential operators compensate and correct for, respectively, the amplitude effect (i.e. the energy absorption) and the phase effect (i.e. the velocity dispersion) of the earth Q filter.

Note that in derivation of equation (4.5), we assume that the reference e'ocity vr approximately equals to the group velocity:
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 (4.6)
Equation (4.5) is the basis for inverse Q filtering in which downward continuation is performed in the frequency domain on all plane waves. The sum of these plane waves gives the time-domain seismic signal, 
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This summation is referred to as the imaging condition, as in seismic migration. Equations (4.5) and (4.7) must be applied successively to each time sample with sampling interval ∆r, producing u(τ) at each level.

4.2   Numerical instability of inverse Q filtering
We now test the basic downward continuation scheme described above on a group   of noise-free   synthetic   seismic  traces,   to   show  the  numerical instability of inverse Q filtering. We build a synthetic trace by
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 (4.8)
where S(w) is the Fourier transform of a source waveform s(t), defined as the real-valued Ricker wavelet,
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with the dominant radial frequency w0=100π (i.e. 50 Hz). The Ricker wavelet is a symmetric, noncausal wavelet. We use this symmetric wavelet to conveniently examine the phase change visually after the inverse Q filter is applied, although a minimum-phase wavelet such as the Berlage wavelet
(Aldridge, 1990) would be more realistic for the source function such as in the case of an air-gun.
Given the travel distance r = τc(w0) for traveltime τ of the plane wave with dominant frequency w0, the kr term used in equation (4.8) can be expressed as
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   (4.10)
so that it is independent of the velocity c(w0). In the example of Wang, we consider the signal to consist of a sequence of Ricker wavelets with τ = 100, 400, . . . , 1900 ms (increment 300 ms). Figure 4.la shows five synthetic traces with different Q values (Q = 400, 200, 100, 50 and 25) constant with depth in each case.

Figure 4.1b displays the result of applying the inverse Q filter to the synthetic signals. For traces with Q = 400 and 200, the process restores the Ricker wavelet with correct phase and amplitude. However, there are strong artefacts as the Q value decreases and the imaging time increases, even though the input signal is noise-free. The appearance of noise in the output signal is a natural consequence of the downward continuation procedure: a plane wave is attenuated gradually, and beyond a certain distance the signal is below the ambient noise level, but the amplification required to recover the signal amplifies the ambient noise. In the data-noise-free case here, the background noise comes from the machine errors relative to working precision. This creation of strong artefacts is referred to as the numerical instability of the inverse Q filter.
In equation (4.5), the amplitude compensation operator is
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(4.11)
we set A(w) = 1, equation (4.5) becomes an inverse Q filter for phase correction only:
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 (4.12)

This phase-only inverse Q filter is unconditionally stable, as shown in Figure 4.1c. Thus a restricted stability condition may be stated as
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(4.13)
required for every sample interval ∆τ.

In  practice,   the   artefacts   caused   by   numerical   instability   can   be suppressed by a low-pass filter. Based on experiments, I have found the following empirical stability condition:
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(4.14)
That is, the (accumulated) exponent of the amplitude factor is not greater than 1. Equation (4.14) thus suggests an upper limit on the frequencies that can be included in the amplitude compensation,
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where τ = ∑∆τ and wq is a time-varying frequency limit.
We now test this low-pass filter with the following three methods:

1)   both phase and amplitude compensation are truncated at frequency wq, with cosine-square tapering;

2)   phase compensation is performed on the full frequency band but with amplitude compensation only within the band limit (0, wq );
3) both phase and amplitude are compensated on the full frequency band with the amplitude operator defined by
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     (4.16)
The results of these three schemes applied to the synthetic data set of Figure 4.la are shown in Figures 4.2a-c, respectively. We can see from Figure 4.2 that (b) shows an improvement over (a), but (c) is superior to both as the amplitudes for the traces Q < 200 are better compensated. In each case the numerical instability evident in Figure 4.1b is successfully suppressed. We may consider the third test scheme (Figure 4.2c) as a type of gain-limited inverse Q- filter, but just for application to a seismic data set free of acquisition noise. For practical application, a gain limit should be set also according to the noise level in the seismic data set. This aspect is discussed in a stabilization scheme that is developed after a outline of the Wiener filter.

4.3 Stabilized inverse Q filter

To further improve the performance of inverse Q filtering, we now propose a stabilized approach to the wavefield downward continuation, where Q is a 1-D function, Q(r), varying with depth-time τ.
Considering downward continuation from the surface τ0 = 0 to the depth-time level τ using equation (4.7), we may express the wavefield U(τ,w) as
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Where

γ(τ) = 1/πQ(τ) 

(4.18)

To stabilize the implementation, we rewrite equation (4.17) as
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(4.19)
where
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 (4.20)
Solving equation (4.19) as an inverse problem with stabilization, we derive the following amplitude-stabilized formula:
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 (4.21)
Where
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and σ2  is  a stabilization factor, a real positive constant used to stabilize the
solution. Equation (4.21) is the basis for an inverse Q filter in which
downward continuation is performed on all plane waves in the frequency
domain. Finally, we sum these plane waves to produce the time-domain
seismic signal, 
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 (4.23)
We refer to this expression as stabilized inverse Q filtering.

Stabilized  inverse  Q  filtering,   equation  (4.23),   must be  performed successively to each time sample τ. Therefore, we may discretize it to
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(4.24)

 or present it in a vector-matrix form as
x = Az, 

(4.25)

where x ={(u(τi)} is the time-domain output data vector, z = {U(wj )} is the frequency-domain input data vector and A ( M x N ) is the inverse Q filter with elements defined as
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    (4.26)
in which A(τi,wj) is the stabilized amplitude-compensation coefficient, and the exponential term is the phase-correction term of the inverse Q operator.
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