An optimization theory for time-varying linear systems
Cand. Real. Knut Sørsdal, University of Oslo

The Wiener filter theory for inputs with time-invariant correlation functions has been general​ized for nonstationary inputs by Booton (1952) and others. I will simply refer to Booton and  follow on his lines. 

The derivation parallels Wiener's (1949) development exactly with only one differ​ence—the optimum filter is time-varying and is obtained by solving a more complicated form of the Wiener-Hopf integral equation. There is an added problem in finding the correlation functions involved. Only the derivation for the single-channel case is included here although the gen​eralization to the multichannel case is trivial.
Suppose the input i(t) to a time-varying linear system consists of signal s(t) and additive noise n(t), i.e., i(t) =s(t)+n(t). If the impulse response of the system is h(t—τ,t), the system output is obtained by the convolution
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(A-l)
where the integration limits have been defined so as to permit acausal filters. If the desired filter output is d(t), the error signal is
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(A-2)

and the expected error power (mean-squared error) is
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(A-3)
By assuming interchangeability of integration and averaging, and defining
Φdi(t,t-τ) = E[d(t)i(t-τ)]

Φdd(t,t-τ) = E[d(t)i(t-τ)]

and
Φii(t,t-τ) = E[i(t)i(t-τ)]
we note that expression (A-3) becomes
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(A-4)
The optimum filter h(r, t) will minimize E[e2(t)] in (A-4).
If h(τ,t) is the response function for the opti​mum filter, the mean-square error will increase for any perturbation δh(τ, t) from the optimum. For the perturbed system
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 (A-5)

When E[e2(t)] is a minimum, the difference ∆ in mean-square error for equations (A-4) and (A-5) is always positive, being equal to
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  (A-6)
Since the last term in equation (A-6) can be written as a perfect square, it is always positive. Thus ∆ will be positive if
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(A-7)
that is, if the optimum filter response satisfies the integral equation
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 (A-8)
Equation (A-8) is the nonstationary form of the Wiener-Hopf equation and involves time-depen​dent correlation functions and a time-varying linear filter. An equivalent matrix derivation of optimum time-variable filters for a more general class of inputs containing deterministic as well as random components has been published by Simpson et al, (1963)
Booton (1952): An optimization theory for time-varying linear systems with nonstationary statistical inputs Proc IRE v.40 p.977-981
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