8.3.2 Predictive deconvolution

(The article is under construction)

This article is based on a chapter in the book “Basic Theory of Exploration Seismology” of Costain and Coruh. It is also based upon the famous FORTRAN article of Robinson.
Now we come to predictive deconvolution, which is a commonly used  procedure to attenuate reverberations and  to shorten the duration of the primary source wavelet. The method was developed by Enders Robinson and his colleagues based on work by Norbert Wiener and was originally called "predictive decomposition". The objective is to

1. Shorten the time duration of the primary seismic source wavelet, or
2. Shorten the duration of the reverberation "effective source wavelet" as defined earlier  i.e, remove water-layer wave guide reverberations, multiples, ghosts, etc.
These objectives are similar to those for other kinds of "inverse filtering"— that is, to increase seismic resolution by reshaping the source wavelet to something different, usually something shorter. Only the approach is different. It will be shown that for predictive deconvolution the increase in seismic resolution is obtained by "truncating" wavelets.
Recall that any inverse filtering procedure used to change the shape of a non-reverberating primary source wavelet is conceptually, but not computationally, a two-step process:

1. Convert the input wavelet to an impulse at the first point of the wavelet. This is the step where the decision about using negative- and/or positive-time inverse filter coefficients must be made in order to obtain convergence of the filter coefficients.

2. Convolve the impulse with the desired output. This step does not involve any concern about filter convergence no matter what the delay properties of the desired output might be. It is always Step 1 that requires the inverse filter of infinite length; therefore, the longer the least-squares filter, the closer the actual output will approach the desired output.

There are two basic approaches to wavelet shaping: (1) deterministic, and (2) statistical. So far, all of our discussions of inverse filtering have assumed that the wavelet shape was known; we used a deterministic approach to accom​plish deconvolution, or inverse filtering. We investigated how a filter could be designed that would reshape an individual wavelet of known delay characteris​tics to a wavelet of any other shape. For reflection seismic data, however, the wavelets overlap too much to reveal the shape of a single reflected wavelet. We must design a filter to operate on a wavelet whose shape we don't know. The statistical approach involves random elements. These are the reflection coeffi​cients, and they are assumed to be an uncorrelated white sequence. Predictive deconvolution is a statistical, rather than a deterministic, approach to inverse filtering, because the design of the inverse filter depends upon the statistical properties of the reflection coefficients.

The general idea behind predictive deconvolution is simple. We wish to design a filter that will predict some of the amplitude values of the primary source wavelet itself, as illustrated in Fig.1.1. If we can do this, then we can subtract those values from the wavelet. For example, the desired filter will predict wavelet amplitudes starting at some arbitrary time a (referred to as the "prediction distance", "lag", or "gap") after the first point of the wavelet, and then subtract these predicted values from the wavelet. The result will shorten the duration of the wavelet and therefore increase resolution. The time a shown in Figure 1.1  is the prediction time to the first wavelet value to be predicted as measured from the first value. The value at time a and at later values will then be subsequently removed by subtraction. Predictive deconvolution therefore truncates the wavelet. The wavelet shape is assumed to be minimum-delay, or some wavelet-shaping filter is applied before deconvolution to make it minimum-delay. The reason for the minimum-delay assumption is a direct consequence of requiring prediction filter coefficients that are defined only for zero and positive time. As a truncation process, it is clear from Figure 1.1 that after predictive deconvolution, whatever remains of the truncated wavelet may be minimum-, maximum-, or mixed-delay.
For tutorial reasons, we divide the discussion of predictive deconvolution into two parts:

1. Deconvolution of a single known wavelet, and  
2. Deconvolution of a seismic trace consisting of many overlapping wavelets whose shap'es are unknown. The wavelet is assumed to be statistically time-invariant. It does not change shape along the path of propagation.
With one exception, the background and theoretical development of predictive deconvolution here follows the pioneering work of Robinson . The exception is that in this volume we start with examples of the predictive deconvolution of a single, known wavelet, rather than with the usual convolutional model (a wavelet convolved with reflection coefficients) of the seismic trace. For either a known wavelet or one making up a seismic trace, the design of the deconvolution filter is entirely dependent upon the determination of autocorrelation coefficients, and we now explore this assumption in some detail.

If the reflectivity function (the reflection coefficients) is random then the shape of the autocorrelation of the seismic trace is directly proportional to the shape of the autocorrelation of the wavelet (Robinson and Treitel [153, Appendix 6-1, pages 162-163]). To the extent that this is a valid assumption, then starting a discussion of predictive deconvolution with the wavelet instead of with the seismic trace calls for some mathematical justification, which we now provide. Assume that the seismic trace is a stationary time series ut given by the convolution
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(5.1)
where bt is the seismic wavelet and ηt is white noise (it is assumed to be the sequence of reflection coefficients) of power P and zero mean. That is,
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(5.2)
This convolutional model can be simulated by generating a sequence of random numbers, ηt  (the reflection coefficients), and convolving the sequence with a wavelet, bt.
The autocorrelation φ(τ) of the stationary time series ut is
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Our objective now is to show that the autocorrelation of the wavelet bt and the autocorrelation of the seismic trace ut are directly proportional to one another. Letting the reflection coefficients ηt = (η0,η1, η2) and the wavelet bt = (bo, b1, b2), the autocorrelation of the stationary time series of Equation (5.2) yields the list of Mathematica "elements" (the autocorrelation coefficients φ(t) of the trace, separated in the list below by commas):
So if we introduce two short time series bt = (bo, b1, b2) and ηt = (η0, η1, η2  ) we have  enough to generalize φ(t) to 
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(5.3)
The conclusion is therefore
Autocorrelation of trace = P    x    Autocorrelation of wavelet
where the quantity P is equal to a simple constant, the "energy" of the sequence of reflection coefficients. The autocorrelations of the trace and the wavelet are therefore directly proportional to one another, if the time series is stationary. A Mathematica computer program to keep track of the algebra shown in the above derivation is listed on page 461. The above discussion is summarized graphically in Figure 1.2.
Noteworthy is the excellent confirmation of the assumption
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as shown in Figure 1.2 b. Comparison of autocorrelations in Figures 1.2.e  and f, confirms that

[image: image9.wmf]....

 

)

(

 

0

1

1

å

¥

=

+

=

t

b

b

P

t

t

f


and that agreement is excellent up to the last lag possible for the autocorrelation of the finite- length wavelet (Figures 1.2.e and 1.3).
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Figure 5.2: Convolution of wavelet spectrum with reflectivity spectrum result in these peaks and troughs because reflectivity function is not perfectly random. These peaks and troughs have dominant frequency content of wavelet. Figure summarizes mathematical discussion leading to Equation (5.3). 
After this lag time the autocorrelation of the trace (Figure 5.2f) is seen to contain ripples with the same dominant frequency content as the wavelet. The ripples are a consequence of multiplication in the time-domain, which is equivalent to convolution in the frequency domain. That is, selection of only a portion of the trace is the same as multiplying the trace by a rectangular window. The trace and the window each have a Fourier spectrum. Therefore, the wavelet spectrum is superimposed on (convolved with) the spectrum of the reflectivity function. The spectrum of the reflectivity function, however, is not perfectly flat because it is not a perfectly random sequence. Some Fourier components "stick up" more than others and this results in a superposition of the dominant wavelet spectrum on the reflectivity spectrum; the convolution of the wavelet spectrum with the spectrum of the reflectivity function results in the observed ripples.
The relationship between the autocorrelation of the wavelet and that of the seismic trace having been examined, we continue our two-part discussion of predictive deconvolution:
1. Deconvolution of a single known wavelet,
2. Deconvolution of a seismic trace consisting of a time-invariant wavelet of unknown shape reflected from each subsurface reflector. The recorded re​flections overlap and therefore conceal the shape of the individual wavelet.
In order to emphasize the "truncation" nature of predictive deconvolution, we start with a single wavelet. For a single, isolated, wavelet there are no random  elements (reflection coefficients) involved. Our following examples of wavelet de-convolution are therefore "deterministic", even though we will use the standard equations of predictive deconvolution. The exact autocorrelation is computed from a known wavelet instead of from the seismic trace itself, but the equations for predictive deconvolution are used in the normal way. This defines predic​tive deconvolution as a deterministic process rather than as a statistical one. 
Later, we revisit predictive deconvolution from the more conventional statistical viewpoint.
Throughout the discussions of deconvolution, we offer numerical examples to illustrate the required connection between inverse filters derived from predictive deconvolution, from Fourier theory, and from a-transforms because, for any given model, there can be only one numerical solution. One way to illustrate this is to determine inverse filter coefficients using different approaches to filter design and then show that the coefficients have the same numerical values. Hopefully, this approach will complement a purely theoretical development and provide some additional insight into filter design.
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Fig.5.3. Low-frequency wavelet. Second zero crossing of autocorrelatione.

Figure 5.3: Top box: "Low-frequency" wavelet. Same reflectivity as Figure 1.2. Enlargement of portion of Figure 1.2 e and f, but trace and wavelet acf's superimposed. By Equation (5.3), normalized acf's should overlay. Trace lengths used to obtain acf shown by number of reflection coeffi​cients. Note better superposition of acf's with Equation (5.3) as trace length increases. Excellent for lags up to 2nd zero-crossing. Bottom box: "High-frequency" wavelet. Same notation. 
Design of the predictive deconvolution filter
Any linear digital filtering process is defined by the convolution
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(5.4)

where xt is the input, at is some kind of a filter, and yt is the output, the convolution of xt with at. (The sampling interval is ∆t = 1 unit of time.)
First we will design a digital least-squares filter that, when convolved with the input, will return the entire input itself. We already know that such a filter in continuous-time is simply the Dirac delta function δ(t) so that (using continuous notation for convenience)
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 (5.5)
For discrete data, in order to obtain a filter that does the same thing as (8.71) we solve the following system of linear equations for the filter fn:
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where rn and gn are, as usual, the autocorrelation of the input and the crosscor-relation of the input and the desired output, respectively. But now the desired output is the input itself. So the above becomes
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(5.6)
because the crosscorrelation of the input and the desired output is exactly equal to the autocorrelation of the input. Therefore, gn = rn. As a numerical example we fabricate a minimum-delay wavelet by convolving together
(2,1)* (2,1)* (-4,3)* (5,4) 
to obtain the minimum-delay wavelet
-80, -84, 24, 47, 12 
Using (5.6) we obtain
     16385 6396 -5580 -4768 -960 
   f0
  16385  
     6396 16385 6396 -5580 -4768
   f1           6396
    -5580 6396 16385 6396 -5580    *   f2  =
   -5580 


(5.7)
    -4768 -5580 6396 16385 6396         f3         -4768
     -960 -4768 -5580 6396 16385         f4          -960
If we use a mathematica (or FORTRAN) module to solve this system for fn we obtain by predicition:

fn= (5.,0,0,0,0,)  n = 0,1,2,3,4






(5.8)
where, for comparison with continuous time we note that the same result:
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The list of f„ coefficients (5.8) can be thought of as a prediction filter because when convolved with the wavelet the output of the filter will predict the entire wavelet. Now, suppose we want a filter that will not predict the entire wavelet but instead the entire wavelet except for the first point. We can then subtract the filter output from the entire wavelet and leave only the first point. This result is called "spiking deconvolution".
Again using (5.6), this time we will predict all wavelet values except the first point of the wavelet. Before obtaining the value gi, the input is shifted one sample point to the right with respect to the desired output. We do not shift the input to the left, which would yield g-1, because we are dealing with a minimum-delay input and negative lags correspond to filter coefficients defined for negative times, and for convergence reasons these are not allowed if the input is minimum-delay; the filter would not converge. In any case, what would be the point of shifting the input to the left as well as to the right with respect to the desired output (the input)? We would simply obtain a crosscorrelation function in Equation (5.6) that would yield a solution vector that is a trivial variation of Equation (5.7); i.e., a time-shifted Dirac delta function, which when convolved with the input would simply shift the entire input.
So we want to predict all wavelet values except, say, the first point of the wavelet. Matrix equation (5.7) becomes
     16385 6396 -5580 -4768 -960 
   f0
  16385  
     6396 16385 6396 -5580 -4768
   f1           6396
    -5580 6396 16385 6396 -5580    *   f2  =
   -5580 


(5.9)
    -4768 -5580 6396 16385 6396         f3         -4768
     -960 -4768 -5580 6396 16385         f4          0
Using a program to solve this system for fn, n = 0,1, 2,..., 4, we obtain 
fn = 0.928424, -1.10826, 0.720678, -0.517112, 0.179185
Convolution of this with the input gives (the desired values corresponding to filter times, fn
, of f0 , f1 , f2 , f3  are in red)

dn = -74.2739,10.6729, 57.7215,-2.13029 , 5.45186,-6.88944,-11.3557,2.21637,2.15022
and these values are clearly not close to the desired prediction -84,24,47,12. But this is to be expected because theoretically the required filter must be infinitely long. Recall Step 1  - of prediction – shorten the timeduration of the primary source wavelet. We can therefore improve on this result by padding the input wavelet with, say, 10 zeros to make the inverse filter longer and try again. This time the filter coefficients are found to be
f„ = 1.04843,-1.39875,1.19329,-1.20334,0.953269,-0.865619,0.661293,-0.566812, 0.419795,-0.341001,0.239179,-0.177113,0.108273,-0.0621803,0.0236195

Convolution of the longer f„ with the input wavelet gives (the desired wavelet values we are trying to predict are in red)
dn = -83.8744, 23.8315, 47.1941,11.7374 , 0.297854, -0.40574,0.449547, -0.614901,
0.654781,-0.892863,0.880158,-1.17743,0.966464,-1.22176,0.477986,-0.512905, -1.05634,0.363951,0.283434,0, 0, 0, 0, 0, 0, 0, 0, 0, 0
These predicted values are closer but we can do better.   Padding the wavelet with even more zeros results in filter coefficients fo,f1, f2, ... fn
f„ =    1.05, -1.4025,1.20012, -1.214,0.968273, -0.88619,0.687771, -0.601256,
0.462253,-0.394604,0.302936,-0.255076,0.196216,-0.163761,0.126392,-0.104819, 0.0811928,-0.066997,0.052071,-0.0427806,0.0333412,-0.0272765,0.0212921, -0.017332,0.0135198,-0.0109209,0.00846982,-0.0067403,0.00513621,-0.00395229, 0.00287416, -0.00203268,0.00130317, -0.000712832,0.000298954
Now convolution of f„ with the input gives (the desired wavelet values are in red)
dn = -84.,24. ,47., 12. , 0.0000412207,-0.0000526176,0.000064316,-0.0000823357,
0.000100331,-0.000128862,0.000156474,-0.000201721,0.00024396,-0.000315834, 0.000380208,-0.000494567,0.0005922,-0.000774422,0.0009215,-0.00121208, 0.00143136,-0.00189432,0.00221547,-0.0029496,0.00340383,-0.00455302, 0.00514758,-0.00689249,0.00752149,-0.00999459,0.0101723,-0.0131518, 0.0113477,-0.0135663,0.00619178,-0.00536316,-0.0106902,0.00549685, 0.00358745,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
which is an excellent result even though the filter f„ is nowhere near one of infinite length. We have successfully predicted the 2nd, 3rd, 4th, and 5th points. All the rest of the predicted values should be close to zero, which they are. The 2nd, 3rd, 4t/l, and 5th values can now be subtracted from the wavelet leaving only the first point. We have converted the wavelet to an impulse at t = 0. Note that the prediction filter coefficients f„, n = 0,1, 2,.. .,n-1 always start at time t = 0 and that the convolution of f„ with the input wavelet also always starts at time t = 0 so that before these predicted values can be subtracted from the input wavelet, they must first be properly lined up with the wavelet, a minor but important step. We now generalize.
Let at be a prediction filter that when convolved with the input will predict just part of the input, say the part > the time a, where a is completely arbitrary. That is, at is to be a "prediction filter" so that, given the input wavelet xt, then at will predict the value of the wavelet at the time xt+a and at later times. Thus, the desired output yt is
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(5.10)
where xt+a is an estimate of xt+a- It is an "estimate" because the filter to be designed will be a least-squares filter, not because of any statistical properties associated with the wavelet. In Equation (8.76), we use the symbol x instead of x not for the statistical reasons normally associated with predictive deconvolution, but because we know from our earliest discussions of wavelet shaping that to predict xt+α exactly would require a filter of infinite length because, repeating for emphasis, to shape a general input to any desired output is a two-step process:
1. Convert the input to an impulse at t = 0. This is where the decision about negative and/or positive filter coefficients must be made, and
2. Convolve the unit impulse with the desired output, which clearly does not involve any consideration of filter convergence no matter what the delay properties of the desired output might be. In our present example the desired output is a fragment of the input. This changes nothing. It is always Step 1 that requires the filter of infinite length; the longer the least-squares filter, the closer xt+α will approach xt+a.
We want to predict the tail end of a wavelet from time t = α to the end of the wavelet so that we can subtract it from the entire wavelet, leaving only the front end. Thus, we shorten the seismic wavelet by truncation. The value of α can be any positive value, so there is flexibility; however, we must acknowledge that a careless choice of a will lead to "hanging wavelets", that is, to termination of a wavelet at one of its maxima or minima rather than at a zero-crossing. The consequences of this are discussed in this section.
The n-length general least-squares filter results in the matrix formulation
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(5.11)
where rt is the autocorrelation of the input, gt the crosscorrelation of the desired output and the input, and ft are the filter coefficients.
The filter coefficient f0 corresponds to the crosscorrelation coefficient go, f1 to g1, etc. In our present example (using a wavelet) the desired output is a piece of the wavelet itself—its tail end. So the value of go is obtained by first positioning the input to the right of the desired output and then doing the usual cross-multiplication and summation to get g0 . The filter is to be defined only for times t > 0 so that after convolution of the filter with the input the output will be the tail end of the wavelet, and it will start at t = 0, a time before the same wavelet amplitude value that corresponds to the input. Thus, the output of the filter is commonly referred to as a "time-advanced version" of the input. The "version" of the input wavelet is simply its tail end. That is, the desired output is the back part of the wavelet (not the entire wavelet) shifted toward negative time by some user-specified amount, α.
In order to solve Equations (5.6) we must know the autocorrelation rt of the input wavelet xt and the positive-lag coefficients gt of the crosscorrelation of the desired output and the input.
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Figure 5.4: (a) Minimum-delay input wavelet, (b) Desired output is the front part of the wavelet. See Figure 1.5 for illustration of the intermediate steps taken to arrive at the desired output.
The input and desired output of the predictive deconvolution filter are shown in Figure 5.4. The intermediate steps required to accomplish the truncation of the wavelet are shown in Figure 5.5
.
A minimum-delay input wavelet is shown in Figure 5.5.a The autocorrela​tion rr of the input wavelet xt is
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The crosscorrelation (see Figure 5.5) of the desired output and the input is the crosscorrelation of the tail end of the wavelet and the input. The zero- lag correlation coefficient corresponds to the relative position of the input and a copy of itself shifted to the left (time-advanced) by a user-defined amount a. Mathematically the crosscorrelation coefficients gT for all lags t ≥0 are therefore
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(5.12)
which becomes
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Thus, the crosscorrelation of the desired output and the input is seen to be equal to the autocorrelation of the input for lags ≥ α. The desired output is shown in Figure 1.5d. The crosscorrelation function is shown in Figure 1.5c. The normal equations of (5.6) become
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(5.13)
We rename ft to at to emphasize that at is a "prediction" filter that predicts the tail end of the seismic wavelet from time α to the end of the wavelet. Of course, in order to do this the filter must be at least as long as the wavelet. The output of the prediction filter is, therefore, that part of the wavelet corresponding to times ≥ α, as shown in Figure 5.5 d. This is the tail end of the wavelet and is what we want to subtract from the input wavelet leaving only the front part. In order to subtract the tail end from the entire wavelet, we multiply the function shown in Figure 5.5.d by —1 to yield Figure 5.5.e, then shift it back toward positive time by an amount a as shown in Figure 5.5.f, and finally subtract this fragment from the original wavelet shown in Figure 5.5.a. The result is the deconvolved wavelet shown in Figure 5.5.g. Small non-zero values can be seen for times ≥ α the reason for which is discussed below. The steps shown in Figure 5.5 are valid no matter what the arrival time of the wavelet shown in Figure 5.5.a. More important, this is the same process that takes place when we deal with a normal seismic trace for which we have no knowledge of the shape of the individual wavelet, before or after deconvolution, and which to a first approximation we assume to be time-invariant.
In Figure 5.5.a, several numerical values of the input wavelet are labeled on the figure (0.774288, 1.0, 0.939282). The goal of the prediction filter is to predict these numerical values of the wavelet. How well it does this is shown in Figure 5.5.d where the value 1.0 is predicted to be 0.97495, a value within about 2.5% of the correct value. We know, however, that there can be only one filter (it is of infinite length) that will produce the correct value and that to improve on the prediction we simply have to make the prediction filter longer. As usual an exact result is possible only if the prediction filter defined by Equation (5.13) is made infinitely long. 
Figure 5.6 is included to show that the arrival time of the wavelet changes none of the steps in Figure 5.5. The wavelet in Figure 5.6 now starts at t = 0 with the portion to be deconvolved shown by a heavy line (Figure 5.6.a). The desired output from the prediction filter is now those values of the input wavelet defined for times t > a (Figure 5.6.b). The negative of (b) is shown in (c). Figure 5.6.d is the predicted part of the wavelet delayed by a time units. The final deconvolution is shown in Figure 5.6.e, which is the algebraic sum of the input wavelet and the negative of the delayed output of the prediction filter. The final deconvolution is the truncation of the wavelet from time α to the end of the wavelet.
In Figure 5.6.a, the value of the input wavelet at α = 12 is 0.649. The goal of the prediction filter is to predict these numerical values of the wavelet. The prediction filter predicts a value of 0.636 at α, a value within about 2% of the correct value. A longer prediction filter would predict a value closer to the correct value. An exact result is possible only if the prediction filter defined by Equation 5.13 is made infinitely long. 
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Figure 5.5: Predictive deconvolution broken down into its component steps. Top: (a) Input minimum-delay wavelet, (b) Input wavelet time-advanced by α = 5 time units and positioned with respect to previous figure for computation of crosscorrelation coefficient go. Note labeled desired out​put of prediction filter (not prediction error filter). For g1 move the input one sample point to the right, (c) Full crosscorrelation coeffi​cient function of the wavelet (the input) and the time-advanced input. The crosscorrelation function is the same as the autocorrelation func​tion. Only positive lags t > 0 can be used, however, to obtain gT re​quired for the "prediction filter" because the input is minimum-delay, (d) actual output of prediction filter (a least-squares approximation to the desired output), (e) Negative of above, (f) Above shifted toward positive time (time-delayed) by α = 5 time units, (hg The simple al​gebraic summation of the entire wavelet in (a) and the delayed, nega​tive part (e) of the output of the prediction filter. The result of the predictive deconvolution is thus a truncated wavelet, as shown. The steps shown in the figure portray the convolution of the input with the predictive deconvolution (also called the prediction error filter) fil​ter 1, α- 1 zeros,-a0, -a1 , -a3 ,…. an-1 where ai are the coeffi​cients of the prediction filter. This is the same process that takes place for a seismic trace for which we have no knowledge of the shape of the source wavelet. See text for significance of numerical values of wavelet amplitudes. 
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Figure 5.6: Similar to Figure 5.5 but with input starting at t = 0. Top: (a) Minimum-delay wavelet with portion to be deconvolved highlighted by heavy line, (b) Output of prediction filter is the part of the wavelet for times t ≥α that has been shifted toward negative time (advanced) by an amount of time, t = α. Thus, the output of the prediction filter is a time-advanced "version" of the input, with zero amplitudes for times t < α simply because those amplitudes were not predicted in the first place (filter coefficients ft computed for t < 0 would not converge because the input is minimum-delay). The "version" is that part of the wavelet (heavy line) at and after the time, α. (c) The negative of (b). (d) The negative of the predicted part of the wavelet (c) shifted back toward positive time (delayed) by the amount of time, α. (e) The simple algebraic summation of the entire wavelet, (a), and the delayed, negative part (c) of the out​put of the prediction filter. The result of the predictive deconvolution is thus a truncated wavelet. Process shown in figure is the graphical equiv​alent of the mathematical convolution of the predictive deconvolution filter { 1, α- 1 zeros,-f0, -f1 , -f3 ,…. fn-1 } with the wavelet, where fi are the coefficients of the prediction filter. See Figure 5.5 for a similar graphical interpretation of predictive deconvolution as a trunca​tion process. 

This graphic introduction to predictive deconvolution can be summarized mathematically as follows:
1. Decide on the desired value of the "prediction distance" 
2. Solve Equation (5.13) to obtain the coefficients of the "prediction" filter".
3. Convolve the prediction filter with the input. The output of this filter is a time-advanced part of the input, which is the tail of the input wavelet for times t ≥α.
4. Multiply the prediction filter coefficients by —1.
5. Time-delay the output of the prediction filter by a time units.
6. Subtract this result from the input to obtain the final predictive deconvo​lution.
7. Accomplish the above predictive deconvolution in a single step by forming a filter called the "prediction error operator" given by
 1, α- 1 zeros,-a0, -a1 , -a3 ,…. an-1 





(5.14)
and then simply convolve this composite prediction error filter with the input to obtain the predictively deconvolved (truncated) wavelet.
Peacock and Treitel showed that the prediction error operator de​fined by Equation (5.14) can be formulated as a "spiking deconvolution" filter by augmenting the prediction operator matrix of Equation (5.6) with a set equal to unity resulting in
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  (5.15)
This system can be written as n simultaneous linear equations,
r0a0 + r1a1 + ......  + rn-1 an-1 = r1
r1a0 + r0a1 + ......  + rn-2 an-1 = r2
.

.

rn-1a0 + rn-2a1 + ......  + r0 an-1 = rn
Now modify this system of equations by subtracting the coefficient ri from each side of the equation.  This changes nothing, of course.   The original system is in red:
-r1   +  r0a0 + r1a1 + ......  + rn-1 an-1   = r1   -r1   

-r2  +   r1a0 + r0a1 + ......  + rn-2 an-1   = r2    -r2  
.

.

-rn  +  rn-1a0 + rn-2a1 + ......  + r0 an-1 = rn  -rn  
Next augment this system in the following form, where β will be defined below.
-r0   +  r1a0 + r2a1 + ......  + rn an-1      = -β   

-r1   +  r0a0 + r1a1 + ......  + rn-1 an-1    = r1   -r1   

-r2  +   r1a0 + r0a1 + ......  + rn-2 an-1    = r2    -r2  
.

.

-rn  +  rn-1a0 + rn-2a1 + ......  + r0 an-1 = rn  -rn  
Multiply each equation above by —1 and get the system
-r0    - r1a0   -r2a1    -...... -  rn an-1      = β
-r1    - r0a0   -r1a1   - ...... - rn-1 an-1    = 0  
.

.

-rn    - rn-1a0  -rn-2a1 - ...... - r0 an-1    = 0  
For which the associated matrix equation is
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 (5.16)
Where  
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and
bi = -ai-1  (I = 1,….,n)

The "prediction error operator" defined by the filter in Equation (5.16) is the same as Equation (5.14),
1,0,   0,   . .., 0,-a0, - a1, ……..  – an-1
that was obtained using a more conceptual approach and which, with α = 1, becomes the prediction error operator of Equation (5.16).

In like manner, the general Equation (5.15)
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Can be written:

 r0 a0    +   r1a1  +...... +  rn-1 an-1      = rα
 r1 a0   + r0a1   + ......+  rn-2 an-1      = rα+1  
.

.

 rn-1a0 + rn-2a1  +......+ r0 an-1        = rα+n-1  
and this system of equations can be augmented in a manner similar to that used for α = 1, as developed in references [134, 153). Only the result is given here because the procedure is similar to that used to obtain Equation (5.16). After augmenting (5.17), the associated matrix equation is
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 (5.17)
Where

ρ 0     =   r0   -  ( rαa0  +  rα+1a1 +...... +  rα+n-1 an-1 )  
ρ 1     =   r1  - (rα-1a0   + rαa1   + ......+  rα+n-2 an-1 )    
.

.

 ρ α-1 =   rα-1  - (r1 a0 + r2a1    +........+ rn an-1  )  
Numerical values of ai in (5.84) would be the same as those found using Equa​tion (8.79).
We thus have two formulations for the prediction error filter. 
which is a system of equations that could be solved directly for the prediction error operator by using (8.85). The column vector of crosscorrelation coeffi​cients in (8.84), however, requires the prediction filter a, so clearly it is more computationally efficient to use (8.79) and then form (8.80). Numerical values of the prediction error coefficients from the two systems of equations are now compared.
Equations (8.80) and (8.84) are two formulations for predictive deconvolution and should produce the same results. Comparisons are shown in Figure 8.48 .The best way to compare the two formulations is to examine the numerical values of the filter coefficients themselves. Numerical results for the prediction error filter using Equation (8.80) are 
1,0,0,0
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Figure 5.7 Comparison of two deconvolution filters, (a) through (e) as labeled, (f) Using Equation 8.80, (g) Using Equation Excellent agreement between (f) and (g). Excellent agreement with the exact deconvolution shown in (h) could be achieved for (f) and (g) by increasing length of the least-squares filter. Wavelet is minimum-delay, but this is not important. 
train. Much insight into inverse filtering can be obtained by examining the numerical values of the predictive deconvolution filter and comparing these values with those obtained from other approaches that are described earlier in this chapter. One of the examples we now discuss is the excellent tutorial figure already shown in Figure 8.28 from Robinson and Treitel [153] for wavelet shaping and repeated here for conve​nience (Figure 8.49). Those authors used crosscorrelation coefficients to shape the input wavelet to a unit impulse; here we do the same thing with predictive deconvolution. Predictive deconvolution must arrive at the same result because there is only one theoretically correct inverse filter for a given application. Pre​dictive deconvolution, however, shapes wavelets by truncation, which we can do in one step (Step 1 on page 454). If the desired output is something other than the numerical value of the first point in the wavelet, then Step 2 (page 454) is also required. Thus, exploring with predictive deconvolution the examples shown in Figure 8.49 nicely separates the step associated with convergence of the filter coefficients from that required for subsequent shaping of the impulse obtained from the first step.
    [image: image35.emf]
   [image: image36.emf]
[image: image37.emf]
Figure 5.8: Same as Figure 8.28, repeated here to show how predictive deconvolution would have to be used to obtain the same results as least-squares wavelet shaping. Step 1 would require conversion of the input (left column) to an impulse (not necessarily a unit impulse) at t = 0 by a spiking decon​volution. The desired output (right column) is obtained by convolving the impulse obtained at t = 0 with the appropriate function (see text) that will simply scale and time-shift the impulse. This explicitly demon​strates the conceptual two-step approach defined on page 465. The quan​tity E is the minimum error energy given by Equation (8.47). 
The first example is the predictive deconvolution of the wavelet (2,1) in Figure 8.49 to "spike out" the wavelet and convert it to an impulse at n = 0. This only requires Step 1.
The general least-squares matrix equation is
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The equation for the prediction filter f is
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where r contains the autocorrelation coefficients and a is the prediction distance. For the first example in Figure 8.49, Equation (8.86) becomes
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where α = 1 and therefore g0 = r1 = 2 . The prediction error filter coefficients are found to be
1, -0.47619, 0.190476
and the convolution of the filter with the wavelet gives 
2, 0.047619, -0.0952381, 0.190476
The desired value at t = 0 is "1", however, not "2".  A unit impulse is easily obtained by scaling the output by 0.5 (Step 2). The values after t = 0 should 

be zero, so a better result can be reached by making the filter longer. Padding the input wavelet with ten zeros gives for Equation (8.86)
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Solving for fn gives (the red value corresponds to t = 0):
f„ = { 0.5,  -0.25, 0.125, -6.0625, 0.03125, -0.015624, 0.0078106, -0.0039024, 0.0019455, -0.0009613, 0.00045776, -0.00018311}
which are the same as the theoretically exact coefficients obtained using z-transform theory and shown in Equation (8.56). For comparison, they are re​produced here:
f[n] = ( 0.5,  -0.25, 0.125, -0.0_625, 0.03125, -0.015625, 0.0078125, -0.0039062, 0.0019531, -0.00097656,
0.00048828, -0.00024414)
A better result can be obtained by padding the wavelet with, say, 20 zeros, obtaining prediction filter coefficients of
0.5,-0.25,0.125,-0.0625,0.03125,-0.015625,0.0078125,-0.00390625,
0.00195312,-0.000976562,0.000488281,-0.000244141,0.00012207,
-0.0000610340,0.0000305171,-0.0000152579,7.62753 x 10~6,
-3.81097 x 10~6, 1.8999 x 10~6, -9.38773 x 10~7,
4.47035 X 10~7, -1.78814 x 10~r
and the prediction error coefficients (the above multiplied by —1) are seen to be nearly the same except for a small error introduced by numerical computation. Convolution of the prediction error filter with the wavelet gives essentially
2, 0, 0.....0
This completes Step 1. The desired output at t = 0 is "1", not "2". Step 2 (page 454) is a simple scaling of the filtered output by the constant 0.5 to obtain the desired output shown in Figure 8.49.
The second example in Figure 8.49 can be set up the same way:
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from which, after padding the wavelet with ten zeros, we also obtain
2, 0, 0,..., 0 (8.88) 
but the desired output is
(0, 1, 0)
so Step 2 can be accomplished by a simple convolution of (8.88) with (0, 0.5, 0) to obtain (0, 1, 0) as shown in Figure 8.49b.
Figure 8.50: Spiking deconvolution of a minimum-delay wavelet. Prediction dis​tance a = 1. (PredictiveDeconvolution.nb —> PredictiveDeconvolution-Wavelets.cdr —> PDmin2.wmf)
Figure 8.49c is obtained by convolving (8.88) with (0.5, 0.5) to obtain the de​sired output (1,1). Figure 8.49d is obtained by convolving (8.88) with (0.0, 0.5, 0.5) to obtain the desired'output (0, 1, 1). These simple exercises are included to help visualize the relationship between generalized least-squares filters whose output can be an arbitrary shape, and predictive deconvolution, whose out​put is a truncated shape. See the CD-ROM that accompanies this volume for the Mathematica Program Figure6-2RandTbyPD.nb used to generate the above four examples.
The above examples included "spiking deconvolution" for which the filter was designed to spike out the wavelet. In practice, this is not desireable because of high (as well as low) frequencies necessarily amplified in order to arrive at the shorter "spike" wavelet, which contains all frequencies (recall that δ(t) <=> 1). All seismic data have some noise and the noise as well as the signal frequencies will be enhanced as the wavelet is shortened in time. Seismic data are also band-limited and efforts to produce an impulse will enhance noise. A less-demanding deconvolution is simply to make the wavelet shorter but not go to the extreme of reducing it to a single point, as shown in the following example.
Levinson solution to Toepplitz matrix
Figure 8.51: Deconvolution of a longer minimum-delay wavelet. Prediction dis​tance a = 6. From n = 6 and after, the wavelet has been zeroed by the prediction error filter (center). 

Non-spiking deconvolution
As a numerical example, we convolve several minimum-delay, 2-point wavelets to obtain the input wavelet
b[n] = (-8.35006, 25.1414, -16.4604, -24.1863, 38.9151, -1.66489, -37.1444, 29.8559, 6.22231, -21.1912, 6.72102, 5.91688, -4.78095,1)
The deconvolution is shown in Figure 8.51.
The autocorrelation coefficients are computed from the wavelet itself, which we do not normally see. No random elements are involved so our approach can be called deterministic. Results for predictive deconvolution of a more realistic wavelet are shown in Figure 8.52. The coefficients for this minimum-delay wavelet, which is used in many of the illustrations that follow, are
wavelet={0.132984,0.342512,0.648545,0.744799,0.907561,1.04204,1.12834,1.16132,1.14894,.07934,0.981866,0.870631,0.753987,0.641438,0.534492,0.422551,0.300063,0.196714,0.099406,-0.0226922,-0.125436,-0.215479,-0.306348,-0.384165,-0.45418,-0.516001,-0.557161,-0.584517,-0.589772,-0.579596,-0.54334,-0.492505,-0.425367,-0.349645,-0.265985,-0.181953,-0.100738,-0.0363371, 0.0281819, 0.0917981, 0.151973,0.195556, 0.232337,0.257646,0.271141,0.277681, 0.272208,0.267031,0.250813,0.217928,0.171922,0.119909,0.0633082,0.0171123,-0.03006,
-0.0776557,-0.12405,-0.153802,-0.168138,-0.166966,-0.155284,-0.136898,-0.113179,-0.0910421, -0.0715249,-0.0540389,-0.0337813,-0.0130044,-0.000170491,0.010792,0.0176374,0.0211389, 0.0197672,0.0179044,  0.0211134,0.0205213,0.0152477,0.0159675,0.0136121,0.0123929, 0.00978807,0.00622238,-0.00373036,-0.00802724,-0.0172832,-0.026472B,-0.0327029,-0.033411, -0.0401914,-0.0381475,-0.0384762,-0.0348436,-0.0293412,-0.0217437,-0.0167644,-0.00920205,-.00332008,0.00399458, 0.00993271,0.0162817,0.0222198,0.0267815,0.0290488,0.0287685, 0.0299113,0.0301194,0.0297948,0.0272967,0.0234607,0.018213,0.0125574,0.00656805,0.000936034}; 
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Figure 8.52: Predictive deconvolution of minimum-delay wavelet. Top: (a) In​put wavelet. (b) Wavelet deconvolved to second zero-crossing of wavelet (a = 39 = 78 ms). (c) Wavelet deconvolved to first zero cross​ing (a = 19 = 38 ms). (d) Gap = time to maximum amplitude of wavelet (a = 16 = 32 ms). (e) a = 8 = 16 ms. (f) Spiking deconvolution (a = 1 = 2 ms). All figures to same relative scale. Note preference for 1 < a < 8 for better S/N ratio. 
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