TIME-VARYING DECONVOLUTION FILTERS
Cand.Real Knut Sørsdal, University of Oslo
This article builds on an article by G.K.C Clarke published in the book Deconvolution vol II in Gephysics reprint Series (1978). It also builds on the book Basic Theory of Exploration Seismology by Costain and Coruch (2004). The article is under development.

Deconvolution or spiking filters are frequently employed to sharpen the character of seismograms and hence im​prove resolution of the earth's layering. In media having significant attenuation or scattering, the shape of an input waveform will change as it propagates. On a reflection seismogram this results in a change with time in the char​acter and frequency content of the seismic signal. Since a statistical description of this situation would be time-dependent, the seismogram should be treated as a nonstationary random process. A spiking filter to deconvolve such a seismogram must be time-variable. Optimum filters for nonstationary inputs can be designed using the least-mean-square error criterion. For a zero-delay filter to give satisfactory results, the signal waveform must at all times be minimum phase. This will be true if the input waveform and the law governing the change of waveshape with time are both minimum phase. If these conditions are not met, a filter which has a time delay should be used. For a linear attenuation mechanism with frequency-independent Q, there is some justification for expecting a minimum-phase law. In the absence of a priori knowledge of the input waveform and the attenuation structure of the layered earth, it is necessary to estimate the time-dependent autocorrelation function of the recorded seismic trace.
introduction
A reflection seismogram is often imagined to be formed by the convolution of the response function for a layered earth with some constant waveform. The goal of deconvolution filtering is to return from the recorded seismogram to the ground response function. If, however, the signal waveform changes shape due to attenuation or scattering of signal energy, a suitable deconvolu​tion filter is necessarily time-variable, and the problem of filter design becomes more compli​cated. The usual (time-invariant) deconvolution problem is frequently regarded as a special case of optimum waveshaping, where the filter input is a known waveform with noise and the desired output is a spike-like function. Upon application of the Wiener filter theory, the time-invariant property of the filter follows directly from the assumed stationarity of the input process. If the input signal waveform is thought to change shape as it propagates, the filter input must be treated as a nonstationary random process, that is, a random process which requires a time-dependent statistical description. The simplifications which follow from stationarity are no longer available, and the optimum filter must be time-variable.

We shall be concerned with linear time-variable filters; for these the output is obtained by con​volution of the input i(t) with the filter response function h(r, (). If h(t—t', I) is defined as the response measured at time t due to an impulse originating at time t' then the output is
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The variable τ = t—t' measures the interval be​tween initiation and observation of the distur​bance; it is therefore the "age" of the output. If i(t) vanishes for t <0, the upper integration limit can be replaced by t, and if the system is causal then h(τ,t) = 0 for τ <0 so that the lower limit can be replaced by zero.

For the case of time-invariant deconvolution, we suppose that a geologic section which consists of laterally-homogeneous plane layers is excited at the free surface by an impulsive source which emits plane compressional waves vertically into the section. At every interface, upward- and downward-traveling rays result, and the ampli​tudes of reflected and transmitted pulses are determined by the reflection and transmission coefficients for the particular interface. Because the raypaths are normal to the layering, the complication of conversion between compressional and shear waves does not arise. A seismometer at the surface detects arrivals at times governed bv the two-way transit times for the  layers and with amplitudes related to the reflec​tion coefficients between layers. The train of impulses observed at the surface is called the ground response function g(t). If the input signal waveshape at the surface is s(t), then the observed surface disturbance is r(t)=s(t)*g(t). This is the expression for an idealized reflection seismogram in the absence of noise. The aim of deconvolution filtering is to obtain the ground response function g(t) from the recorded seismogram r(t), and there​fore to eliminate the effect of the signal wave​shape s(t). This is a reasonable objective since s(t) yields no information concerning earth struc​ture, and merely obscures the fine details of the ground response function.
The situation is greatly complicated when the layers have attenuation. If we again assume a dis​cretely-layered, laterally-homogeneous half-space, each layer alters the pulse shape as well as con​tributes a time delay. The character of the ob​served impulse-like disturbance will depend on the path taken through the layered attenuating medium. To simplify the analysis we consider the attenuation to be constant over the entire sec​tion. In this case the change of signal waveform due to attenuation by the layers is independent of its path and depends only on its age, that is, how long it has been propagating through the attenuating medium. The ground response func​tion can be obtained by passing the attenuation-free ground response g(t) through a time-varying filter which can be determined from the attenua​tion law.
One way of expressing an attenuation law is by the change of shape of a displacement impulse as it propagates through an attenuating medium. For plane waves traveling in the positive z direc​tion the attenuation law due to Knopoff (1956; 1959) could be written
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where Q is the specific attenuation factor, c= [(λ+2μ)/ρ]1/2 is the wave velocity in the absence of losses,
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Upon substitution of z = c(t-τ)(l + l/Q2)/γ, the expression for û(z, t) could be rewritten as some function u(τ, t) which would then be analogous to the impulse response of a time-varying linear system. The change of shape resulting from the attenuation of some known input waveform is also of interest. To reduce confusion the following notation will be adopted: s(t, t') is the signal of "age" t' which is observed at time t; s(t, 0) is therefore the initial waveform. By holding t' fixed and letting t vary, the waveshape at time t' is obtained. This convention is reminiscent of the source and observer coordinates for Green's functions, where t' is the source time and t is the observer time. The amplitude at time t for a waveform of age t' can be expressed in terms of the initial or input waveform s(t, 0) and u(τ,t) because
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If the signal waveshape does not change with time, then s(t, t') depends on the difference t—t' between initiation and observation of the signal. Finally, if the waveform is causal, then s(t, t') = 0 when t <t' since a signal of age t' cannot be ob​served before an elapsed time t'.

In the case of a constant attenuation, an ideal​ized seismogram can be found either by forming an attenuated ground response function and convolving this with the input waveform, or by convolving the unattenuated ground response ftmction with a time-dependent waveform s(t, t'). In the first method the attenuated ground re​sponse k(t) can be found from the unattenuated function g(t) by the convolution
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For the input signal waveform s(t), the resulting seismogram is
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If we take the second point of view, the idealized seismogram results from the convolution
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To obtain the unattenuated ground response function from the attenuated seismogram, a time-varying filter is required.

OPTIMUM WAVESHAPING
Optimum filters for nonstationary inputs can be found using an extension of the Wiener filter theory (Booton, 1952). As in the stationary case, one supposes that some input process i(t) is passed through a linear filter to form an output y(f). The optimum filter is chosen so that its actual output y(t) approximates some desired output d(t) in a manner which minimizes the mean-square error between d(i) and y(f). We write this as the expected or average value of the squared error E{ [d(t) —y(t)]2}. Because the input, output, and desired output processes can be nonstationary, this average is an ensemble aver​age rather than a time average. The optimum linear filter satisfies the integral equation
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where Φdi(t,t-τ)= E[d(t)i(t—τ)] is the crosscorrelation function between the desired filter output and the filter input, and Φii(t,t-τ)= E[i(t)i(t—τ)] is the autocorrelation function of the filter input. Because i(t) and d(t) are nonstationary, the auto-and crosscorrelation functions depend on the ob​servation time t as well as the lag τ. The deriva​tion of equation (7) is presented in the Appendix. When the form of h(r, t) is restricted to that of a time-variable delay line (Cruz, 1959) the filter response may be written as
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and if t takes only discrete values k= 1, 2, 3, . . . the integral equation (7) becomes the set of linear equations
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The coefficients an(k) of the filter are found by solving the set of equations for each value of k. When the correlation functions do not depend on k, the matrix Φii(k — m, k—n) becomes equidiagonal and the familiar equations for the stationary case result. If Φii (k—m, k—n) and Φdi (k—m, k—n) do not change rapidly with k, the equations need
not be solved for every value of k. As nonstationarity becomes less pronounced, the times between optimizations can be increased, and the input can be regarded as stationary over long intervals. In effect, the input is divided into stationary seg​ments and a time-invariant filter is applied to each segment.

In the waveshaping approach to deconvolution, the filter input is imagined to consist of a signal process formed by convolving the input signal waveform with the ground response function (with or without attenuation) and some additive noise process. A filter is sought which will change the shape of the signal waveform s(f) in the pres​ence of noise into some desired spike-like output waveform d(t). Here the desired output function does not change with time, but in the general waveshaping case both the input and desired-output waveshapes are time dependent. Before turning to the particular case of deconvolution, or spiking filters, we will consider the general case. Our aim is to design a filter h(r, t) which will change the input waveshape s(t, t') in the presence of noise n(f) into some desired output waveshape d(t, t'). The optimum filter satisfies equation (7), so the only difficulty is to determine the functions Φii (k—m, k—n) and Φdi (k—m, k—n). For additive signal and noise, i(t)=s(t)+n(t) and
 If Φii (t,τ-t)= Φss (t,τ-t)+ Φsn (t,τ-t)+ Φns (t,τ-t)+ Φnn (t,τ-t) 
 (10)
If the signal is uncorrelated with the noise, the crosscorrelations vanish; and if we assume white noise, the functions become
If Φii (t,τ-t)= Φss (t,τ-t)+ N δ(τ)

And

If Φdi (t,τ-t)= Φds (t,τ-t)

If s(t,l') and d(t, t') are known, Φss (t,τ-t) and Φds (t,τ-t) can be found without difficulty. The autocorrelation Φss (t,τ-t) is simply the average of the possible values of the product s(t, t') s(t—t, t'—τ) that can be observed at time t. To clarify this point, consider a discrete case for which the signal waveform has a duration of only two sample units (Figure 1). At time t=k the only possible contributions are from s(k, k—1) the wavelet of age k—1 observed at time k, and from s(k, k) the wavelet of age k observed at time k, so that 
Φss(k,k)= s(k, k -1)s(k, k - 1) + s(k,k)s(k,k)

similarly,
Φss(k,k-1)= s(k, k)s(k, k - 1) + s(k-1,k-2)s(k-1,k-1)

and Φss(k-2,k)=0. The crosscorrelation Φdi (k-m,k) can be determined in the same way. The desired output for a deconvolution filter is a spike-like function. We shall consider discrete functions of time and take a unit spike as the desired filter output. An ideal filter which spikes after a p-unit time delay for a signal of age k' would have

d(k,k') = 1       k = k' + p 
d(k, k') = 0       k≠ k' + p
as its output. The crosscorrelation between de​sired output and the input signal is then
Φds(k,k-m) = E[d(k,k')s(k-m,k'-m)]=s(k—m, k—p) 
The input signal waveform is assumed to be causal so that a signal of age k — p cannot be observed before the time k— p. Therefore s(k — m, k — p)=0 for m>p and the crosscorrelation will vanish for values of lag m exceeding p. The case of a zero-delay spiking filter is of special interest when the input signal waveform is minimum-phase, since it is then the optimum location for the output spike, and there is only one nonvanishing term of the crosscorrelation function for positive values of m. Thus

Φds(k, k — m) 
= s(k, k)        m = 0 
= 0 m > 0
For nonminimum-phase signals a delay in the output spike is necessary for satisfactory filter performance. Treitel and Robinson (1966) have considered the question of optimizing the filter delay as well as the filter coefficients for the time-invariant case. For a time-dependent signal wave​shape this would require continual optimizations of the filter lag. We shall therefore assume that the signal waveform is minimum phase at all times. For this to be true, the input signal wave​form and the law governing its change of shape must be minimum phase.
In the presence of attenuation with accompany​ing dispersion, the signal waveform will change shape as it propagates, and an initially minimum-phase waveform will become nonminimum phase unless the attenuation law itself is minimum phase (Sherwood and Trorey, 1965). It is there​fore of interest to consider the likelihood of a minimum-phase law. If a linear attenuation law is accepted, the change of shape of a plane wave input at the surface of a homogeneous half-space can be written
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where
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and K(w) =wn(w)/c is a complex function which describes the attenuation and dispersion proper​ties of the medium. For u(z, t) to be a minimum-phase function for all z, the function U(z, w) can have no zeros in the upper half of the complex w plane. This will be the case if U(0,w) and exp[iK(w)z] have no zeros in the upper half plane; zeros occur when wIm[n(w)]/c→∞, i.e. there is infinite attenuation for some complex fre​quency. Since such zeros are not necessarily located on the real frequency axis, they do not correspond to actual transmission zeros. 
However, along the real frequency axis these displaced zeros would probably cause relative maxima for when wIm[n(w)] .For this reason a nonminimum-phase law is unlikely to he consistent with experimental evidence supporting the linear increase of atten​uation with frequency, and hence the frequency-independence of Q for earth materials. The causal attenuation laws proposed by Futterman (1962) to fit experimental results are all minimum phase.

TEST OF SPIKING FILTERS
As a test of the optimum spiking filter, syn​thetic seismograms with attenuation were con​structed, and the deconvolution of these seismo​grams was attempted. From a hypothetical well velocity log, the unattenuated ground response function including multiple reflections was com​puted using the method of Wuenschel (1960). The synthetic seismogram was obtained by con​volving the ground response with the time-vary​ing signal waveform; this is equivalent to comput​ing the ground response function with attenuation and convolving with the input signal. The instan​taneous waveform was found by assuming an initially minimum-phase waveform and comput​ing s(t, t') from (3) according to the assumed at​tenuation law. From this the functions Φss(t,t—τ) and Φds(t, t—τ) were found by assuming that the ground response function was stationary and uncorrelated over the region of interest so that all nonstationarity resulted from the presence of attenuation. A more complicated procedure for constructing synthetic seismograms is required if the attenuation properties vary throughout the medium because the resulting change in shape will depend on the raypath (Trorey, 1962).

We shall first consider the case where both the initial waveform and the attenuation law are minimum phase so that a zero-delay spiking filter is appropriate. Because the minimum-phase laws which have so far appeared in the literature would require lengthy procedures to evaluate s(t, t'), it was decided to bypass these and assume that the change of shape of an impulse with time for some attenuation law is
U(τ,t) 
= A exp[-b(t)τ ]  
τ ≥ 0  (12)

= 0

τ < 0


where A(t) and b(t) are positive functions which decrease with time in some simple way. This is certainly a minimum-phase function with respect to t for all positive values of t but does not, in fact, correspond to a physically possible expres​sion for a constant-Q attenuation law (unless perhaps A(t) and b(t) are chosen with great care). Despite this qualification, the form (12) is suitable for testing the time-varying deconvolution filters because the question of whether a physically possible attenuation law is being used has no bearing on the filter performance. Figure 2 shows the change of shape with time for a displacement spike and the assumed minimum-phase attenua​tion law. The maximum broadening of the spike was limited to five sample points by multiplying expression (12) by a triangular weighting func​tion.

Expression (9) was solved for a 31-point, zero-delay, time-variable, spiking filter optimized at every third input point; the resulting deconvolved seismogram together with the attenuation-free ground response function are shown in Figure 3. The close correspondence of the ground response [unction and the spiking filter output indicates that a successful deconvolution has resulted. Because the time-dependent correlation functions Φds(t,t—τ) and Φss(t, t—τ) are not rapidly chang​ing with time t, it is not necessary to optimize the filter for every input point.

One disadvantage of the method is that the matrix Φii(k — m, k — n), which must be inverted to find the filter coefficients, is not equidiagonal (Toeplitz) if the input is a nonstationary process. For processes which are not highly nonstationary, the matrix can be approximated by an equidiag​onal matrix so that a fast matrix inversion tech​nique due to Levinson (1947) can be employed. There is an added advantage in making this approximation, since for an NxN symmetric matrix there are N! independent elements, and, for an NxN equidiagonal matrix, only N independent elements must be found. Moreover when real data are used, the problem of ensuring that an estimate of Φii (t,τ-t) does in fact correspond to a physically possible nonstationary process is acute. The simplest way to reduce this difficulty is to assume that Φii (t,τ-t)  is symmetric in τ, and then employ the standard weighting pro​cedures used in forming autocorrelation estimates for stationary functions. 
The assumed symmetry in  τ is actually impossible for a nonstationary process and corresponds to an assumption of instantaneous stationarity similar to the idea of thermodynamic reversibility. When this assump​tion was made, a deconvolution of the same synthetic seismogram produced results which were virtually indistinguishable from those ob​tained using the asymmetric Φii (t,τ-t). 

This indicates that the particular seismic trace is not strongly nonstationary for times of the order of the filter length. Even when this is untrue, the tremendous reduction in computation which results from the symmetry assumption may out​weigh concern over a degraded filter output. As a second illustration, a synthetic seismogram was computed for the nonminimum-phase (and acausal) attenuation law of expression (2). The velocity-depth relation and the minimum-phase , input waveform are the same as in the previous example. Figure 4 shows the broadening of a dis​placement spike with time for the assumed at​tenuation. Again the maximum broadening of the spike has been limited to five sample points by a triangular weighting function. A 31-point, zero-delay, spiking filter optimized at every fifth input point was designed to attempt the deconvolution under these conditions. The results are shown in Figure 5. Because a zero-delay filter was used, the filter is optimum for a minimum-phase signal waveform; as the signal loses its minimum-phase character due to the attenuation, the deconvolu​tion becomes progressively worse.
fig. 3. Deconvolution of synthetic seismogram for a hypothetical geologic section having a minimum-phase attenuation law. The two-way traveltime is measured in sample units. (A) Ground response function with multiple reflections and minimum-phase attenuation law. (B) Synthetic seismogram with minimum-phase signal waveform and minimum-phase attenuation law. (C) Deconvolution of the synthetic seismogram using a 31-point, zero-delay, spiking filter optimized at every third sample point. (D) Ground response function in the absence of attenuation.

CONCLUDING REMARKS
The application of the methods described above to actual field seismograms is made difficult by the absence of a priori knowledge of the attenuation properties of the earth below the shotpoint Other time-varying effects not due to attenuation are likely to be present. It is, therefore, essential to estimate the autocorrelation function Φii (t,-τ)  directly from the seismic trace. Because the input is considered to be nonstationary and, therefore, nonergodic, time averages may not provide good estimates of Φii (t,-τ),,and ensemble averages are suggested. In practice this is not possible since only one realization of the process is at hand, unless one wishes to consider other seismic traces as other realizations of the same process. It is incorrect, however, to interpret nonstationarity as absolutely forbidding the use of time averages to obtain estimates of the correlation functions. For a nonstationary process, some sort of estimate of Φii (t,-τ)  can be obtained by averaging i(t)i(t—τ) over a region centered at the time t. If the smoothing time T is too long, the nonstationarity will be smoothed out, and if T is too short, the estimate of Φii (t,-τ)   will be erratic. 
In this spirit Berndt and Cooper (1965; 1966) in​vestigated methods of estimating correlation functions from a single realization of a nonsta​tionary process by using time averages. In the first reference they derive an optimum smoothing length T and in the second an optimum weighting function h(τ, t, T) which must be used in perform​ing the time average. An apparently more flexible procedure, involving optimum estimates of the correlation functions, has been proposed by Wierwille (1965). The implementation of any of these methods is difficult and may not be war​ranted by the improvement in the estimated cor​relation functions.
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