Hilbert Transforms and the analytic signal
(This thoughts are taken from the book Basic theory of exploration seismology (Costain and Coruh))
The Hilbert transform is a transformation that changes the phase of a Fourier spectral component depending on the sign of its frequency; the transform has no affect on the amplitudes of spectral components. The Hilbert transform converts cosine waves to sine waves and vice versa, and because the conversion has no effect on the amplitude of the sinusoid a signal and its Hilbert transform have identical energy; only changes in amplitude can change the energy. The Hilbert transform relates the real part of the Fourier transform of a causal function to the imaginary part so causality is an important part of the Hilbert transform.

Any function h(t) can be expressed as the sum of an even component he(t) and an odd component h0(t). That is,
h(t) = he(t) + h0(t)   



(1)

If the function is causal then
he(t) = -he(-t)

 


(2)
h0(t) = -h0(-t)




 (3)
h(-t) = he(t)-h0(t) 



(4)
Solving (1) and (4) in terms of h(t) and h(—t) results in

He(t) = ½ [h(t) + h(-t)]   



(5)

Ho(t) = ½ [ h(t)- h(-t)]  



(6)

So, then we have:
H(t) = ½ [h(t) + h(-t)]  +  ½ [ h(t)- h(-t)] 

 (7)

which is easily shown to be true by expanding and simplifying the right-hand side of (7). Thus,
So, as stated above

h(t) = he(t) + h0(t)    for all times t     

(8)

Equation (8) is true regardless of the shape of h(t) or whether or not h(t) is causal or whether or not h(t) is zero for t < 0.

If h(t) is causal, however, then a special symmetry and relationship exists between the even and odd parts of h(t) as defined by (5) and (6). The function h(t) shown in the top diagram of Fig​ure 1 is causal. Because of the symmetry between the odd and even parts it is clear from the figure that if you know the even part then you can determine the odd part by multiplying the amplitude values of the even part for negative times by —1 and by multiplying the even part by +1 for positive times. From inspection of Figure 1 the causal function h(t) is equal to

h(t) = 2he(t) = 2h0(t) for t > 0


(9)
so that if all you know is the even part then you can completely recover the function h(t) itself.
In the frequency domain the real and imaginary parts of the Fourier trans​form of a causal function are said to be Hilbert transforms of each other. That is, the Fourier transforms of the odd and even parts of a causal function constitute a Hilbert transform pair.
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Figure 1 (a) Continuous causal function h(i). (b) Even part he(t) of the causal function, (c) Odd part ha(t). (d) h(t) = 2he(t) = 2 h0(t) for 4 > 0. Note that h(t) = he(t) + h0(t) for all times t. 
In the frequency domain the conversion from he(t) to h0(t) can be thought of as a 180° phase difference between the phase angles for the positive and negative frequencies because

[image: image5.wmf]exp(iπ) =exp(-iπ) = -1



(10)
This interpretation can be confirmed by taking the Fourier transform of the Sign function and observing its phase angle spectrum, which is shown in Figure 2; the phase angle difference between any positive and negative frequency is 180°. We can deduce, therefore, that Hilbert transformation can be accomplished by the addition of —90° to the Fourier phase angle spectrum that corresponds to the positive frequencies and by the addition of +90° to the phase angles for the negative frequencies. This gives the desired sum of 180° for the total phase difference between the phase angles for the
 positive and negative frequencies and at the same time provides the (odd) symmetry between the positive and negative frequencies. This operation does not change the magnitudes of any of the spectral components.
We cannot, however, subtract 60° from the phase angles for the positive frequencies and add 120° to the phase angles for the negative frequencies and expect to obtain a pure real time-domain function even though the overall phase difference would be 180°. Any unsymmetric phase manipulation instead of the phase angle spectrum shown in Figure 2 will cause a time shift or a complex inverse or both. That is, for a real, causal function whose frequency response is H(w), if the phase angles for values of w > 0 all have —90° subtracted from them then the phase angles for frequencies w < 0 must all have +90° added to them. This modification to the phase spectrum is the phase spectrum φ(w) of the signum function Sign(t), which is the time-domain operator that allowed us to determine h0(t) from he(t). Therefore, a Hilbert transformation to obtain the odd part of a causal function from its known even part can be done in the Fourier domain by applying —90° and +90° phase shifts corresponding to the positive and negative frequencies, respectively
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Figure 2.a) The continuous non-causal time-domain function sign(t). 
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Figur 2.b) The Fourier phase spectrum for this function. Conclusion: The Hilbert transform of some real, causal function h(t) can be obtained by taking the Fourier transform of the even part he(t) and adding —90° to the phase angles for w > 0 and adding +90°  to the phase angles for w< 0, and then taking the inverse Fourier transform. The result is the odd part ho(t) of h(t). The sign of the phase angles for w > 0 and w < 0 is a direct consequence of the sign convention we chose for this volume 
This can be accomplished by multiplying H(w) by the appropriate left or right hand side of the equations

i    =    e+iπ/2 



 (11)
-i     =     e-iπ2  



(12)
Now we see why we chose to subtract 90° from the phase angles for positive frequencies and add 90° to the phase angles corresponding to negative frequen​cies instead of vice versa; this sign convention comes entirely from the one we chose to adopt in this volume for the bn 
What if h(t) is not causal? An arbitrary function h(t) defined by

h(t) = 
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(13)
is shown in Figure 3 This function is shown shifted with respect to t = 0 enough to the left in column (a) row 1 to make it non-causal. In column (b) it is causal and starts at t = 0. In column (c) it has been shifted to the right by some arbitrary amount t. For the causal versions of h(t) shown in columns (b) and (c) it is possible to determine the odd part h0(t) from the even part he(t) by multiplication of he(t) by Sign[t] where he(t) and h0(t) are denned by (5) and (6). If h(t) is not causal then examination of Figure 3 column (a) row 5 shows that it is no longer possible to recover the odd part of h(t) from the even part (or vice versa).
So the Hilbert transform defines the mathematical relationship between the Fourier transforms of the even and odd parts of a causal time-domain function. For a causal function the Fourier amplitude and phase spectra are also a Hilbert transform pair. The causal function will also be minimum-delay (minimum-phase in the frequency domain). A formal math​ematical derivation of Hilbert transformation in the frequency domain to get the imaginary part from the real part and vice versa is provided here  with a corresponding computer program. 
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In the frequency domain the real and imaginary parts of the Fourier trans​form of our causal function are the components of a phasor as shown in Fig​ure 4. The behavior of a phasor as 90° is subtracted from the phase spectrum for positive frequencies and 90° is added to the phase angles for negative fre​quencies is shown in Figure 4. This is equivalent to a complex multiplication as follows. If a(w) + ib(w) represents the phasor as shown in Figure 4, then
i [a(w) + ib(w)]    = -b(w) + i a(w)]    for w<0
-i [a(w) + ib(w)]    = b(w) - i a(w)]    for w>0
and because
               i    =    e+iπ/2 



 
             -i     =     e-iπ2  





Then
 [a(w) + ib(w)] e+iπ/2    = -b(w) + i a(w)]    for w<0

(14)

 [a(w) + ib(w)] e-iπ2     =   b(w) - i a(w)]    for w>0

(15)
which simply says that 90° is added to the phase angle of the phasors for w < 0 and 90° is subtracted from the phase angle of the phasor for w > 0.

Figure 3: Last row in each column obtained by multiplication of even part of h(t) (row 2 in each column) by Sign[t]. For each column compare row 3 with row 5. (a) Left column. Non-causal function h(t). Although h(t) = he(t) + h0(t) for all t, it is no longer possible to recover ha(t) from he(t) or vice versa by multiplication of the even or odd part by Sign[t] as can be seen at column (a) row 5. (b) Middle column. h(t) shifted to right by just enough to make it causal. Again h(t) = he(t) + h0(i) for all t and can now recover h0(t) from he(t) or vice versa by multiplication of the even part by 5ign[t] as shown at column (b) row 5. (c) Right column. h(t) shifted to right by arbitrary amount t so it is still causal and again h(t) = he(t) + h0(t) for all t. Can recover ha(t) from he(t) (or vice versa) by multiplication of the even part by 5ign[t] as shown at col​umn (c) row 5.
Figure 4: Left-hand column is time-domain, right-hand is frequency domain. Sym​bol •<=> denotes Fourier transform pair, (a) A causal real function h[n]. (b) h[-n}. (c) Even part he[n] of h[n] and (d) Fourier transform Ho[w]. (e) Odd part h0[n] and (f) Fourier transform H0[w]. 
Shared point at n = 0. Determination of causal time-domain func​tion h[n] from he[n) by suppressing the negative times of the even part and multiplying the values for t > 0 by 2.
The diagram in Figure 3 is a causal discrete function h[n] which, because it is real, will have a Fourier transform whose real part has even symmetry, and whose imaginary part has odd symmetry. Its time-reverse h[—n] is shown in Figure 3.b. Next is the function he[n] with even symmetry. The bottom diagram is the function h0[n] with odd symmetry. Examination of Figure 3 shows that the sign and magnitude of the even and odd parts is the same for positive times, but although the magnitude is the same for negative times, the sign is reversed. The real part of the Fourier transform of the real function will be even; the imaginary part will have odd symmetry.
Inspection of  he[n]  and ho[n] shows that ho[n] can be determined from he[n]  after multiplication of he[n]   by Sign(n). We have determined the odd part ho[n] from the even part he[n]  without entering the frequency domain. h[n] and h[—n] have a common value at n=0 (t=0), and this value must therefore be divided by 2.
In order to recover the causal function h[n] itself using equation (9) we therefore require a statement like
h[n]  = 2he[n]  u[n]  - he[0]  δ[n]






(16)

with the result that h[n] has been successfully recovered from only its even part he[n] as shown in Figure 4. Note, however, from Figure 3 that h0[0] = 0, so we can recover h[n] from h0[n] only for n ≠ 0.
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Figure 5: (a) Causal function h[n\. (b) Time reverse h[-n]. (c) Even part of h[n] computed from Equation (3.70). (d) Even part he[n] cor​rected by Equation (3.79) for the shared point he[Q]. (e) Causal func​tion h[n] recovered from even part he[n\ using Equation (3.79). 
Summary
In order to generate the Hilbert transform of f(t), where f(t) is commonly the seismic trace,
1. Obtain F(w) by taking the Fourier transform of f(t).
2. Delay the phasor representing F(w) by -π/2 radians for the positive fre​quencies,
3. Advance the phasor representing F(w) by +π/2 radians for the negative frequencies, and
4. Obtain the Hilbert transform by taking the inverse Fourier transform of the phase-modified function F(w).
The mathematical operations described above lead to a Hilbert transforma​tion. After Hilbert transformation you end up in the same domain. If the Hilbert transform is used to determine the minimum phase spectrum of an unknown wavelet, then more conditions must be met.
Hilbert transform of a sinusoid
The Hilbert transform converts sine waves to cosine waves and vice versa (except for sign, as described in the following paragraphs). In the frequency domain, the Fourier transform F(w) of a (continuous) cosine wave of frequency w0 is
F(w)=πδ(w-w0 ) + πδ(w+w0 )
as shown in Figures 5. A cosine wave of frequency w0 is represented by a non-zero amplitude at frequencies of w0 and –w0. Results of Hilbert transform operations denoted by H is shown in fig.6. The Hilbert transform of a cosine wave is a sine wave. This result and those that follow were arrived at by subtracting 90° from the phase angles for the positive frequencies, and adding 90° to the phase angles associated with the negative frequencies. A second Hilbert transformation on the sine wave gives a negative cosine wave, a third yields a negative sine wave, and finally not until the fourth Hilbert transformation do we arrive at the starting positive cosine wave.
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Figure 6: Н denotes Hilbert transformation, (a) Cosine wave, (b) Hilbert trans​form of cosine = +sine. (c) Hilbert transform of +sine = —cosine, (d) Hilbert transform of —cosine = -sine, (e) Hilbert transform of —sine = +cosine. For each transformation a phase angle of —90° has been added to the Fourier component for w > 0 and +90" for w < 0. 
Further discussion is divided as follows:
1. Fourier sign convention.
2. Properties of Euler functions
3. The "analytic signal".
4. Mathematical definition of Hilbert transformation in the time and fre​quency domains. The "quadrature function."
5. Hilbert transform of a seismic trace.
6. Phase spectrum of an unknown wavelet determined from its known am​plitude spectrum.
7. Mathematical derivation of a Hilbert transform pair in the frequency do​main using continuous functions.
8. Summary.

Fourier sign convention
The sign convention for the exponent in a Fourier transform is restated here because of its importance in the examples that follow. The convention used in this volume is
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Properties of Euler functions
The Fourier transform of a sinusoid contains both positive and negative frequen​cies, as shown in (17) and (18). That is,
Cos(w0t) ( πδ(w-w0) + πδ(w+w0)








(17)
Sin(w0t) ( iπδ(w-w0) - iπδ(w-w0)








(18)

In addition we have

Ex e+iwot = cos(w0 t) + i sin(w0 t)








(19)
e-iwot = cos(w0 t) - i sin(w0 t)









(20)
e+iwot ( πδ(w-w0) + πδ(w+w0) + i(iπδ(w+w0) - iπδ(w-w0)





(21)


= 2πδ(w-w0)

e-iwot ( 2πδ(w+w0)










(22)
Equations (21) and (22) show that the Fourier transform of the complex exponential e+iwot contains only the positive frequency w0, and the Fourier transform of e-iw0t contains only the negative frequency — w0.
The analytic signal
What is an analytic signal? The answer stems from looking at the seismic trace and wondering if it might be possible to extract from it an "instantaneous fre​quency" as a function of time, an "envelope" of the trace and an "instantaneous phase" as a function of time. We know that the frequency content of a seis​mic trace can change quickly with time (thinning beds, for example). It would therefore be useful to plot the frequency versus time as an aid to interpretation. This can be done by taking the Hilbert transform of the real trace and using this new trace as the imaginary part of a complex trace called the analytic signal. From this complex trace the "seismic attributes", which include instantaneous frequency, can be determined.
Given any real function f(t) then the "analytic signal" a(t) is defined as
 a(t) = f(t) + i Н[f(t)]










(23)

where a(t) is complex and Н denotes Hilbert transformation.
A signal that has no negative-frequency components is an analytic signal. Thus,  e+iw0t  is an analytic signal as demonstrated by (21). a(t) is the "analytic signal." H[f(t)] is referred to as the "quadrature function." The real part of the analytic signal is the original data and the imaginary part is its Hilbert transform. The imaginary part is the original data with a 90° phase shift. The imaginary part has the same amplitude and frequency content as the original data (the real part of a(t)). The phase spectrum depends on the phase of the real part. The discussion in this volume is for real, continuous or discrete causal sequences of time f(t) or f[n]. It is also possible, however, to develop Hilbert transform relationships between complex functions.
Mathematical definition of Hilbert transformation in the time and frequency domains. The "quadrature function."
We need to investigate the mathematical operators that will produce the desired results in the frequency and time domains. The discussion of Hilbert transforms below references discussions by Lee [108], Karl [93], Sheriff and Geldart [163], and Singh and Thompson [165] with our embellishments and Mathematica note​books.
Recalling Equations (5) and (6) we have
He(t) = ½ [h(t) + h(-t)]   





Ho(t) = ½ [ h(t)- h(-t)]  





where he(t) is an even function of time and h0(t) is an odd function of time, and for a causal function h(t)
h(t) = he(t) + h0(t)
Multiplication in the time domain by Sign[t] corresponds to a convolution in the frequency domain so there must be some well-defined mathematical re​lationship in the frequency domain between the real and the imaginary parts of the Fourier transform of a causal function. This transform pair is shown in Figure 7. That is, we can convolve the real part of the Fourier transform of a causal function with some as yet unspecified function of frequency to obtain the imaginary part.
Following Sheriff and Geldart [163, p. 161], the desired transform pair can be determined analytically by taking the inverse Fourier transform of —2i/w :
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Note the "+" sign in the exponential.   
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Figure 7 a) sign(t) function.b) Fourier transform of sign(t) = — 2i/w.
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Fig.7.c-f
Sign[t] ( -2i/w
Multiplication in the time domain corresponds to convolution in the frequency domain. Therefore,  because of the singularity at w = w' the Cauchy principal value (PV) must be taken wherever w = a/ so (3.88) is written
o
-o
and then Figure 3.56: (a) Continuous cosine wave, (b) Fourier transform of (a), (c) Hilbert transform of (b) by multiplication of Fourier transform by —isign(w). (HilbertContinuousOddFromEven.nb, cdr, wmf)
h0(t) can also be determined from He(uS) by multiplication of the positive-frequency values of He(ui) by — i because e~l */2 = —i and the negative-frequency values of he(uj) by + i because e+I7r/2 = +i and then taking the inverse Fourier transform. That is,
ho (
He (w) [ - z sign( w) ]
As a Mathematica example consider a continuous cosine wave of frequency 1 Hz as shown in Figure 3.56a. The real part of the Fourier transform of this is shown in Figure 3.56b. The imaginary part is zero. The Hilbert transform of the cosine wave is shown in Figure 3.56c and has been determined by multiplication of the real part of the spectrum of the cosine wave by — i sign[^] . The Mathematica statements used to obtain the Hilbert transform and generate the plots are
(* HilbertContinuousOddFromEven.nb      *) h = Cos [2 Pi  It];
Plot[h,  {t,  0,  20},  PlotPoints -> 200]; RealPart = Re[FourierTransfonn[h, t,  Nu,
FourierParameters -> {1,  -1}]];
Plot[RealPart, {Nu,  -10,   10}]; (* Plot[-i*RealPart*Sign[Nu], {Nu,  -10,   10}];                (*
(* Plot a *)
Plot b Plot c
*)
*)
The same result can be achieved by convolution of I/ -n t with he(t) because (Figure 3.57)
— <=> -isign(w)
7TC
(3.89)
Figure 3.57: Left: l/7rt function. Right: Fourier transform of l/7rt is — isign(u;). (FourierTransformEPiOver2.nb —> HilbertTransforms.cdr —> HilbertFre-qConv2.wmf)
That is,
h0(t)   =  MO*-:
7T t
(3.90)
where PV denotes the Cauchy principal value of the integral and (*) denotes convolution.
Now assume a general complex time-domain function o(t) = f(t) + i Ji [/(t)]. The imaginary part of a(t) (= H [f(t)\) is on the i-axis ± 90° away from the real x—axis. The convolution (*) of l/(7rt) with /(t) gives the Hilbert transform of/(t). That is,
a(t)    =    /(t) + i W [/(t)]
(3.91)
(3.92)
where (*) denotes convolution.
The complex signal a(0 (could be = e'wt for example) is called the "ana​lytic signal" and contains only positive frequencies. To see this we can use the Fourier transform pair
— <=> — isign(w)
7T t
(3.93)
where the Mathematica sign convention for the pair is shown in the following two statements:
FourierTransfonn[l/(Pi*t) , t,  w, FourierParameters -> {1,  -1}] InverseFourierTransform[-I*Sign[w], w, t, FourierParameters -> {1,  -1}]

Repeating (3.92) for convenience and taking the Fourier transform of both sides we get
a(t)    =    f(t) +i
7T t
F(ui) + i [-isign(w)] F H [ 1 + sign (w)]
(3.94)
where /(t) is commonly the real seismic trace and F(u) its Fourier transform. Thus, from (3.94) the complex analytic trace A(u) is
if w >0 if u; < 0
(3.95)
and we have therefore confirmed that the complex function A(w) has only pos​itive frequencies. Furthermore, in arriving at Equation (3.95) it is clear that no computer program (such as hilbert) designed specifically for Hilbert transfor​mation is necessary; only a procedure that gives a conventional Fourier trans​form is required. Even subroutine FT described on page 47 will do the job. A(u) is commonly referred to as the amplitude spectrum of the "analytic trace".
From (3.95) the analytic trace a(lj) can be determined from F(w) by zeroing out the negative frequencies in F(w) and multiplying by 2. An example follows (also on the CD-ROM). This example should be compared with the much more efficient program hilbertF on page 530.

Here is a short version of the above program without output that is easier to follow.
signal  - Table[Sin[7*t],   {t,  0,  20.65,   0.01}];
FT = Fourier [signal,   FourierParameters -> {1,  -1>] ;
L2 - Ceiling[Length[FT]/2];
Do[FT[[i]]   = 0,   {i,   L2  +  1,   Length [FT] >];
A -  2 FT;
QuadratureFunction = Im[InverseFourier[A,   FourierParameters  -> {1,   -1}]];
From Equation (3.93) Hilbert transformation in the time domain can be accomplished by convolution of the time-domain operator q(t):
q(t) = —
7TI
-isign(w)
(3.96)
with the function. Convolution of q[n] with a sine wave using (3.96) is shown in Figure 3.58. The input sine wave is at the top, the Hilbert transformer is in the middle, and the output (a negative cosine wave) of the time-domain convolution is at the bottom. Figure 3.58 was generated using Equation (3.89).
The same result is obtained in the frequency domain by using the program hilbert. As shown in Figure 3.59, the Hilbert transform of a sine wave is a negative cosine wave.
Saha et al. [154] caution that because the Hilbert operator I/ tt t approaches zero asymptotically and possibly only at long operator lengths then, even though the coefficients are small, convolution in the time domain or in the frequency domain might not be the best way to compute a Hilbert transform for geophys​ical applications. They conclude that a frequency domain approach is preferred for routine seismic data processing; that is, an approach other than a discrete form of q(t).
Determination of the imaginary part h0(t) by inverse Fourier transfor​mation of the frequency-domain product of a "quadrature filter" q(uj) and the Fourier transform of the real part of an "analytic" signal.
By definition,
MO
MO MO
H0(u)
We deduced (review page 129) that for Hilbert transformation we must sub​tract 90° from the phase angles for positive frequencies and add 90° to the phase angles corresponding to negative frequencies. This sign convention comes from the one we chose to adopt in this volume for the bn Fourier series terms as discussed in Section 3.3.1 on page 52 and used in Equation (3.10). In the fre​quency domain phase shifts of ± 90° can be accomplished by multiplying h(uj) by i or - i where
1       —       G
-i    =    e~in/2
(3.97)
(3.98)
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Figure 3.60: Illustration of quadrature filter of Equation (3.100). Top: Fourier trans​form of sine wave multiplied by q(ijj). Bottom: Fourier transform of cosine wave multiplied by q(uj). Compare this figure with Figures 3.53 and 3.54. (QuadFilter.cdr -> QuadFilter.wmf)
(3.100)
That is, the "quadrature filter" Q(u) is
Q(w) = - i sign(w) The corresponding Mathematica statement is
Q=Table [-I*Sign [L-i] , {i , 1, Length [He] }] ;
where L is the number of positive frequencies including zero. Thus, the "quadra​ture trace" h0(t) is
=    + iHe(ui)s\gn(— <jj) (3.102) The complex "analytic trace" h(t] is
Alternatively h0(t) can be determined using Mathematica subroutine hilbert, which has been referenced and listed on page 162. Both approaches are included in Mathematica program HTof Sinusoid.nb on the CD-ROM that accompanies this volume. Application of Equation (3.100) is shown in Figure 3.60. Deter​mination of the analytic signal and the associated "seismic attributes" is one of the useful applications of Hilbert transforms (page 242).
Hilbert transform of a seismic trace
Given a seismic trace we want its Hilbert transform. We don't need to split the seismic trace into its even and odd parts. Instead, the Fourier transform of the trace is taken and we can work with the real and imaginary parts of the transform because
h0(t)
H0(U>)

With reference to Figure 3.62a the Fourier transform of the trace is shown in Figure 3.62b and c. The real and imaginary parts are denoted as He and H0, respectively. Fourier components associated with He for the positive and nega​tive frequencies are denoted as h£ and H~, respectively. Similar notation holds for H+ and H~. The Hilbert transform of the trace is obtained by application of Equations (3.97) and (3.98) to the Fourier transform of the trace, and then taking the inverse Fourier transform to get the quadrature trace. Note that the operation of taking the Hilbert transform of a time function can be viewed as taking the inverse Fourier transform of a Fourier transform so you end up in the starting domain. Before taking the inverse the phase angles are modified. The straight lines on Figure 3.62 correspond to the following operations:
+ i H& = negative-frequency imaginary part of quadrature trace
— i He = positive-frequency imaginary part of quadrature trace
4- i H0 = negative-frequency real part of quadrature trace
— i H* = positive-frequency real part of quadrature trace
In summary, it is seen that the real part of the spectrum of the quadrature trace is obtained from the imaginary part of the spectrum of the seismic trace, and the imaginary part of the spectrum of the quadrature trace is obtained from the real part of the spectrum of the seismic trace. An inverse Fourier transform of the spectrum shown in Figure 3.62 gives the time-domain quadrature trace, and the latter is the imaginary part of what we will refer to as the "complex seismic trace". From this we can then derive the useful "seismic attributes" discussed in Section 5.8.
Using the above relations, the quadrature trace can be generated from the seismic trace h[t] by the following steps as shown in Figure 3.62:
1. Take the Fourier transform H[u\ of the seismic trace h[t],
2. Swap the real and imaginary parts of H(u>).
3. Multiply the real part of H(o>) by +i just for the negative frequencies,
4. Multiply the imaginary part of H(u} by — i just for the positive frequen​cies,
5. Obtain the time-domain quadrature trace by taking the inverse Fourier transform of the modified H(ui).
Swapping the real and imaginary parts of the Fourier transform of the seismic trace and then multiplying by ±i as noted above is probably the fastest way to determine the quadrature trace.
An example of Hilbert transformation using the above steps on continuous data is shown in Figure 3.61. The Mathematica statements used to obtain the quadrature trace from the given function are shown on the figure.
Figure 3.62 is a graphic summary for discrete data of the following Hilbert transform Mathematica subroutine
hilbert[RealTrace_]   :=  (Ih = Length[RealTrace];
Ih2 = Ceiling[lh/2];
fd = Fourier[RealTrace, FourierParameters -> {1,  -1}];
Do[fd[[i]]  = fd[[i]]*E~(+I*Pi/2), {i,  Ih2 + 1,  In}];
Do[fd[[i]]   = fd[[i]]*E-(-I*Pi/2),  {i,   1,   Ih2}];
QuadratureTrace = Re[Chop[InverseFourier[fd,
FourierParameters -> {1,  -1}]]]);
The Fourier components that correspond to the positive frequency compo​nents of the real and imaginary parts of the Fourier transform of the seismic trace are each rotated by multiplication with e~I7r/2, as shown in Figure 3.62. The result yields the positive frequency components of the spectrum of the quadrature trace. The Fourier components that correspond to the negative fre​quency components of the real and imaginary parts of the Fourier transform of the seismic trace are each rotated by multiplication with e + l "'/2, as shown in Figure 3.62. The result yields the negative frequency components of the spec​trum of the quadrature trace. Now, having the complete Fourier spectrum of the quadrature trace for both positive and negative frequencies one can take the inverse Fourier transform of the quadrature spectrum to obtain the time-domain quadrature trace. The complex seismic trace is
complex seismic trace = seismic trace + i x quadrature trace
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Minimum-phase spectrum of a wavelet determined from its known amplitude spectrum.
Assume that only the modulus |.A(w)| of the amplitude spectrum of a wavelet (or an impulse response) is known. For elaboration on this point refer to Section 8.5 on page 514. Its corresponding minimum-phase spectrum 9(<jj) is unknown. By definition
Take the natural log of both sides:
log a(uj) = log \A(u)\ + iO(u)
(3.103)
For a minimum-phase wavelet, log|A(a>)| and d(u>) are Hilbert transform pairs [132, 26]. According to Equation (3.86) if we take the Hilbert transform of the even part of log A(w), which is log|.A(w)|, we will obtain the spectrum 0(w) of the unknown causal function. Once 0(u) is known the complex function A(u) can be constructed from (3.103) and the unknown minimum-phase wavelet can be determined by an inverse Fourier transform. Following the discussion on page 129, the Hilbert transform of log |A(w)| to find 0(u>) guarantees that the wavelet will be causal. It will also be minimum-delay not because of the Hilbert transformation but because numerical evaluation of the multi-valued trigono​metric functions involved in W(log|A(w)|) gives the "principal value" for these trigonometric functions (if you use a calculator you get the same answer for cos 68° as you do for cos [68° + 360°]; i.e., we do not compute an "unwrapped" Fourier phase spectrum). The fact that the "principal value" of the trigonomet​ric functions is what you get in the computations therefore guarantees that the wavelet will be "minimum-delay" (the computed phase angle spectrum will be closest to the real axis so it will be "minimum-phase"). Said another way, the phase spectrum obtained from a Fourier series is periodic; it cannot increase indefinitely with w. See also Claerbout [40, p. 231]. White and O'Brien [193] concluded that a frequency-domain method using the discrete-time analog of a Hilbert transform was the most suitable method of computing minimum-phase wavelets from real seismic data.
Mathematical derivation of a Hilbert transform pair in the frequency domain using continuous functions.
Finally, we can formalize the qualitative discussion that we introduced on page 130 and investigate further what is happening with continuous functions in the frequency domain. Lee's [108] analytical approach to the Hilbert transform is also an interesting application of Fourier transforms. First assume we are in the frequency domain and know only the function H0(ui). We want to find He(u) given H0(u>); this derivation follows. 

h£(uj) from ho(uj). By definition
/oo h(t)e~iultdt -oo
and using (3.66) and (3.104), we can write
H(w)    =     /     [he(t) + h0(t)} [coswi-isinwi]
J — OO
/OO rOO he(t) cosujtdt — i   I     h0(t)smutdt -oo                                               J — oo
dt
=    He(u>) + iH0(u>)
so that
/oo he(t) coswtdt -00
r°°
H0(<jj) = — I     h0(t) smujtdt
J — oo
(3.104)
(3.105)
(3.106)
Equation (3.105) is an even function of o> and (3.106) is an odd function of w. The inverse transforms of (3.105) and (3.106) are by definition
he(t)    =    — /     He(ijj) cos 2?r
1
(3.107) sinw£da> (3.108)
For our causal function h(t),
h(t) =0   for   t <0 (3.109) and therefore (see Figure 3.47)
he(t) = h0(t)   for   t>0 (3.110) Now, expressing (3.110) in terms of (3.107) and (3.108) we get
/oo poo
He(u) cos uitdu = - I     H0(u)sinutduj   for   <>0        (3.111)
-00 J — OO
Equation (3.111) will hold for all values of t if sinwi on the right-hand side of (3.111) is replaced by sinu;|£| to give
/oo /*oo
He(tjj) coswtdo; =    -/     #0(u;) sin
•oo J — oo
(3.112)
ill;

which now holds for — oo < t < oo.
Now take the cosine transform of each side of (3.107):
/OO -i          />OO                                     rOO he(t)cos wtdt = — /     cosujtdt I     He(u)cosutdu       (3.113) -oo                                            27T J-oo                       J-oo
and after substituting (3.105) then (3.113) becomes
i         ,-00 rco
He(uj} =— I     coswtdt         He(u)cosutdu (3.114)
27T 7_oo 7-oo
We want a relationship between He(uj] and H0(ui).   The right-hand integral of (3.114) is related to H0(u) by substituting (3.112) in (3.114) to obtain
I pOO                                          fOO
He(u) = - —         cosutdt         H0(u) sin u\t\ du (3.115) 2?r J_00                J^ac
which can be written
,00
/     H0(u) sin ut du Jo
4    r°° r°° —-  I     cosujtdt   I     H0(u)smutdu
W  Jo Jo
r ho(u)
Jo
cos w t dt
sin ut du
(3.116)
and this is the result we seek.
In other words, given H0(<jj) then h,,(lj) is the negative of the cosine trans​form of the inverse sine transform of H0(w). This is called a Hilbert transfor​mation. Unlike a single Fourier transformation that transforms from the time domain to the frequency domain, the Hilbert transform — the cosine transform of the sine transform — ends up in the same domain. Equation (3.116) says that if you have the odd part H0((jj) of the Fourier spectrum of a causal function then you are required to determine the even part He(w) by (3.116). Now, having the entire spectrum He + i H0, you can take the inverse Fourier transform and be assured of obtaining a causal 'result h(t).
Equation (3.116) is perfectly general. There is no need to invoke the Cauchy principal value to solve for He(<jj). Here is a Mathematica example that deter​mines He((jj) from H0((jj). To test (3.116) we need some function ho(uj), which we can get by starting with a known causal function h(t)
h(t)    =    u(t)e-at
where a is chosen to be 2/10. For testing purposes H0(u) in (3.116) is found by starting with a known causal function h(t) and determining the odd part h0(t) and its Fourier transform ho(uj):
ho(t)     =
(3.71)
h0(t)

Now we want to determine He(uj) using the Hilbert transform equation (3.116) and given H0(w). Evaluate the outer integral in (3.116) noting that from (3.108)
ho(t)
2    y"00
= — —  I     H0(u) s 2T Jo
(Compare this example with the much more efficient program hilbertF on page 530.) So the Mathematica statements are
h    =    UnitStep[t]
h -  (h/.t- > -t) ho    =    ————— - ————— ;
Ho    =    Fourier Transform [ho, t, w, FourierParameters-> {!,—!}]
5 _          5 ~    2 (i - 5 w)       2 (i + 5 w)
Normally we would not be given h(i) and therefore neither he(t) or h0(t). We are now ready to evaluate the outer integral in (3.116), which gives ho.
_2 ho    =    — Integrate [Simplify[Ho] Sin ]ut] , {w, 0,oo}] ;
in agreement with Figure 3.47c. The inner integral of (3.116) is now
r°°
He(u)    =    2 /     h0(t)cos(ut)dt Jo
He    =    2 Integrate [ Simplify[He] Cos [w t], {t, 0,oo}]; He(u)    =    ,   , * (3-117)
and we have determined He(u>) from H0(u). As a check on this result the Fourier transform of h(t) is shown in Figure 3.63.
H0(u}) from He(ui)
Equation (3.116) has an inverse. That is, given He(ijj] it is possible to determine H0(uS). It is this inverse that will be used to compute body wave dispersion and Q (page 518).
Take the sine transform of (3.108), which gives
/OO -i          fOO                                    /-OO h0(t) sin w t dt = -—  I     sinwtdt  /     H0(u) sin utdu     (3.118) -00                                                                       ^   J -00                                  J — 00
and note that, by definition,
h0(t) sinutdt = Ho(u) (3.119)

Figure 3.63: Left: Causal function h(t) as defined in figure. Right: Fourier transform h(uj) = He(u>) + iH0(ui) of h(t). Dashed line is imaginary part ho(ijj). (HeHoCheck.nb -+ HeHoCheck.cdr -» HeHoCheckl.wmf)
Then (3.118) becomes
1    f°° f°°
ho(uj] = — I     smujtdt  I     H0(u) si
27T ./-co 7_oo
sin utdu
(3.120)
We want H0(u>) as a function of He(u).   If we replace t by \t\ in (3.120) the equation will still be true because the sign of H0(u) will not change, and if
•I (-00                                        <<OO
H0(w) = —  I      sinwtdt H0(u) sin utdu
27T J-oo 7-oo
is true for +t as well as — t, which it is, then
i         /-oo roo
ho(uj] = — /     sinwfdi  /      H0(u) sinultldu . 27T 7.^ J_00
will be true for | - t\. Thus, (3.121) can be written
1    r°° r°°
ho(u) = — - I     sin u> \t\dt         H0(u) sin u \t\ du
^ J-oo J-oo
That is, for the right-hand side of (3.121)
-] fOC                                                  /»OO
-— /     sin a; (— t)dt  I      H0(u) sin u (— t) du = 2n J-oc J-oo
-I />OO                                        />CX>
— /     sin (jj t dt   I      H0(u)
27!" J-oo 7-00
(3.121)
(3.122)
can be related to an integral involving He(uj) by reference to (3.112), which is repeated here:
/oo poo H0(u>) sin w \t\ d(jj = — /      He(uj) -OO                                                                                  J —OG
cos
so (3.122) becomes
-1 /-OO                                              /-OO
#0(w)     =     —— /     sin u \t\dt        He(u) cos utdu        (3.125)
2?T J-oo 7-oo
and this is the result we seek. Equation (3.125) is the one to be used in the de​termination of body wave velocity as a function of frequency when we discuss Q and its effect on the shape of the seismic wavelet on page 518.
Equation (3.125) is the companion equation to (3.116) and defines the re​quired relationship between He(u) and H0(w) for a causal function. That is, given He(u) then H0(ui) must be found using (3.125). This will allow us to deter​mine the phase spectrum from the amplitude spectrum (page 156) where He(u) is the known power spectrum and H0(u) is the unknown phase spectrum.
Here is a Mathematica example that determines H0(<jj) from He(u>). To test (3.125) we need some function He(u). We get this by starting with the same causal function h(i)
h(t)    =    u(t)e-at
where a is chosen to be 2/10. For testing purposes He(u) in (3.125) is found by starting with a known causal function h(t) and determining the even part he(t) and its Fourier transform He(u}):
MO     =
(3.71)
he(t)
Now we want to determine H0(u} using (3.125) and given He(ij). Evaluate the outer integral in (3.125) noting that from (3.107)
- jl r°
stt 70 The Mathematica statements are
h   =    UnitStep[t] e'2/10';
h + (h/.t- > -t) =    —————2—————'
He    =    FourierTransform[he, t, w, FourierParameters-> {!,—!}] 5i 5i                    5
(i - 5w)
5w)

Figure 3.64: Plot is the tan"1 [H0(u)/He(u)] where H^u] and H0(u) are defined by Equations (3.117) and (3.126), respectively. (HilbertHoOverHe.nb -* HeHoCheck.cdr -> HeHoPhase.wmf)
Normally we would not be given h(i) and therefore neither he(t] or h0(t). We are now ready to evaluate the outer integral in (3.116) to give Figure 3.47b.
Using Mathematica to obtain he(t) we get
2 he    =    — Integrate [Simplify[He]Cos[wt], {w,0,oo}];
=    lp-(t/5)Sign[t] 2
in agreement with Figure 3.47b. The inner integral of (3.125) is now
/•oo
H0(u})    =    2 /     he(t) sin(w 11 \)dt Jo
Ho    =    2 Integrate [Simplifyfhe] Sin [w 111], {t, 0,oo}];
(3.126)
°v~' l + 25u,2
and we have determined ho(uj) from He(u). As a check on this result the Fourier transform of h(t) is shown in Figure 3.63. Finally, the phase angle spectrum $(w) is
and this is shown in Figure 3.64.
A program for Hilbert transformation of a discrete time-domain function is:
hilbert [RealTraceJ    :-  (Ih - Length [RealTrace] ;
If[OddQ[Ih],   Ih2 - Ceiling[lh/2],   Ih2 - lh/2];
fd - Fourier [RealTrace,   FourierParameters  -> {1,  -1>];
Do[fd[[i]]   - £d[[i]]»E-(+I*Pi/2),   <i,   Ih2 + 1,   lh>];
Do[fd[[i]]   • fd[[i]]»E-(-I»Pi/2),   <i,  1,  Ih2>];
QuadratureTrace  - Re[Chop[InverseFourier[fd,   FourierParameters  -> •{!,   -!>]]] ;)j

8.5    Further Applications of Hilbert Transforms
The basic theory of Hilbert transforms was discussed in Section 3.5.11. In the previous chapters emphasis was placed on assumptions about the delay char​acteristics of the seismic wavelet. We saw that although we cannot determine directly both the amplitude and phase of the unseen seismic wavelet, we could determine its amplitude spectrum. This would be possible under the Robinson assumptions that 1) the autocorrelation of the seismic trace is directly propor​tional to the autocorrelation of the unknown seismic wavelet, and 2) the wavelet is minimum delay.
8.5.1    Relationship between the amplitude and phase spec​trum of a causal function
The complex amplitude spectrum A(u) of a wavelet (or of a unit-impulse re​sponse) can be written
A(u) = \A(uj)\ei't'(u'> .               (8.96)
where |^4(w)| is the modulus of the spectrum, A(<jj) is the complex spectrum, and <p(ui) is the phase angle spectrum. We assume that somehow we know the amplitude spectrum but not the phase spectrum. Without both we cannot see the shape of the wavelet.
In theory at least an estimate of the wavelet amplitude spectrum |^.(w)| can be obtained by taking the square root of the power spectrum which we know to be the Fourier transform of the autocorrelation of the wavelet (or the impulse response). The autocorrelation (/>ii(t) of h(t) is
/oo h(t) h(t + r)dt (8.97) -00
and the Fourier transform of </>ii(t) is the power spectrum $(0;). Thus,
r°° 0
$(w) =  /     <{>u(T)e~lu'TdT = \A(u)\2 (8.98)
J ~ oo
and (8.117) becomes
A(w) = \7$(w) e1^"1' (8.99) Now taking the log of both sides of (8.99) we get
log A(u)    —   log
1 =    - log $(o>) +

where He(uj) — 1/2log $(w) is even and ho((jj) = 4>((jJ) is odd. We can now obtain the phase spectrum of the wavelet (or of an impulse response) by taking the Hilbert transform of 1/2 log P(w) = HK(u). That is,
where 7i denotes Hilbert transformation, and then
A(w)    =    eHc+iH° (8.100)
Having now both the amplitude and phase spectrum we can take the inverse Fourier transform of A(u) to obtain the causal function h(t):
h(t)      =      y h(t]
The mathematical relationship (the Hilbert transform) between the real and imaginary parts of the Fourier spectrum guarantees that h(t) will be causal; it does not guarantee that h(t) will be minimum- maximum- or mixed-delay. More on this below.
A Mathematica program to recover the (minimum-delay) wavelet from its power spectrum is shown below.
Minimum-, mixed-, or maximum-delay wavelets can have the same autocor​relation. This has important implications for predictive deconvolution. The sim​plest example is to examine results for the two 2-point wavelets (2,1) and (1,2). The former is minimum-delay; the latter maximum-delay. Autocorrelation of either 2-point wavelet, however, gives the same result.
</>(t) = (2, 5, 2) for r = -1, 0, +1
Using Hilbert transforms to recover the wavelet from the autocorrelation will therefore give the same result as shown by the following Mathematica examples. In each case h is the input wavelet. Several print statements have been added for clarification and can be safelv deleted.
Using the maximum-delay 2-point wavelet (1,2) the autocorrelation is the same but the wavelet recovered by Hilbert transforms is again the minimum-delay wavelet (2,1). This must be so because the operation of taking the Hilbert trans​form of the log of ^/P(uj) requires that the phase angles lie between 0 and 360° on the principal Rieman sheet. The phase angle spectrum associated with the maximum-delay wavelet (1,2) cannot be recovered; only the 'analytic" (com​putable) minimum-phase spectrum is possible. The following numerical example shows the results for the maximum-delay wavelet (1,2).
Convolution of (2,1) with (1,2) re-suits in the mixed-delay wavelet (2,5,2) with autocorrelation (f>(r) equal to
<j)(T) = (4,20,33,20,4) for r = -2, -1, 0, +1, +2
Attempting to recover the mixed-delay wavelet using Hilbert transforms results in the minimum-delay wavelet 4,4,1 which has the same autocorrelation as the wavelet (2,5,2). The Mathematica example is:

Figure 8.74: Phase spectra of minimum-, mixed-, and maximum-delay wavelets com​pared. Minimum-delay wavelet is (2,1). Maximum-delay wavelet is (1,2). Mixed-delay wavelet is convolution of (2,1) and (1,2) =(2,5,2). Phase an​gles for the minimum-delay wavelet are closest to the 0°-degree value. This is therefore a minimum-phase spectrum. All phase spectra are unwrapped. Phase angles for mixed- and maximum-delay wavelets in​crease without bound as u increases. Phase spectrum for minimum-delay wavelet is periodic and does not increase withoud bound. Wavelet-Phase.cdr => WaveletPhase.wmf
The phase spectra of the "wavelets" (2,1, (4,4,1), and (1,2) are shown in Figure 8.74. Values of phase angles (unwrapped) in degrees shown for the Fourier transforms of each wavelet on the figure. The phase angle spectrum that stays closest to the horizontal axis corresponding to 0° is that for the minimum-delay wavelet (2,1). Next closest is the spectrum for the mixed-delay wavelet (2,5,2), which is the convolution of (2,1) and (1,2). Plotting furthest from the horizontal axis is the phase angle spectrum corresponding to the maximum-delay wavelet (1,2). The Mathematica program used to generate Figure 8.74 is WaveletPhase below.
These results from simple 2-point wavelets are valid for any length wavelet. Recall from the previous sections that wavelet shaping uses only the autocorrela​tion Ti and the crosscorrelation g^ of the input with the desired output to change the shape of the input wavelet. That is, the design of the shaping filter /j. That is, the equations Figure 8.74: Phase spectra of minimum-, mixed-, and maximum-delay wavelets com​pared. Minimum-delay wavelet is (2,1). Maximum-delay wavelet is (1,2). Mixed-delay wavelet is convolution of (2,1) and (1,2) =(2,5,2). Phase an​gles for the minimum-delay wavelet are closest to the 0°-degree value. This is therefore a minimum-phase spectrum. All phase spectra are unwrapped. Phase angles for mixed- and maximum-delay wavelets in​crease without bound as u increases. Phase spectrum for minimum-delay wavelet is periodic and does not increase withoud bound. Wavelet-Phase.cdr => WaveletPhase.wmf
The phase spectra of the "wavelets" (2,1, (4,4,1), and (1,2) are shown in Figure 8.74. Values of phase angles (unwrapped) in degrees shown for the Fourier transforms of each wavelet on the figure. The phase angle spectrum that stays closest to the horizontal axis corresponding to 0° is that for the minimum-delay wavelet (2,1). Next closest is the spectrum for the mixed-delay wavelet (2,5,2), which is the convolution of (2,1) and (1,2). Plotting furthest from the horizontal axis is the phase angle spectrum corresponding to the maximum-delay wavelet (1,2). The Mathematica program used to generate Figure 8.74 is WaveletPhase below.
These results from simple 2-point wavelets are valid for any length wavelet. Recall from the previous sections that wavelet shaping uses only the autocorrela​tion Ti and the crosscorrelation g^ of the input with the desired output to change the shape of the input wavelet. That is, the design of the shaping filter /j. That is, the equations depend upon a good estimate of the auto-correlation tv of the unknown wavelet, which we hope to get from the seismic trace itself. We can obtain an estimate of the wavelet shape by using Hilbert transforms, but the shape will be constrained to be minimum-delay and might not be the shape of the actual wavelet.
Alas, the recovery of the Fourier amplitude and phase spectrum of a time-variant seismic wavelet is not as simple as outlined above. It is even more difficult in the presence of absorption, which is the conversion of the mechanical energy of the wavelet to heat. But the wavelet shape contains much of the history of its journey from the source to the receiver and so remains a continuing focus of effort in reflection seismology. Lindsey [112] for a z-transform approach concluded
The ultimate limit of performance of the method is established by the quality of the estimate of the wavelet autocorrelation. This is fundamental to all data-dependent wavelet extraction methods, including (and especially) deconvolution. This is only minimized by the astute selection of data to be autocorrelated.
_1276779497.unknown

_1283191377.unknown

_1283191461.unknown

_1283084379.unknown

_1276779224.unknown

